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Received: 4 March 2014 / Accepted: 16 February 2015 / Published online: 4 March 2015
© Springer-Verlag Berlin Heidelberg 2015

Abstract In this paper we show that the clique partitioning problem can be refor-
mulated in an equivalent form as the maximally diverse grouping problem (MDGP).
We then modify a skewed general variable neighborhood search (SGVNS) heuristic
that was first developed to solve the MDGP. Similarly as with the MDGP, significant
improvements over the state of the art are obtained when SGVNS is tested on large
scale instances. This further confirms the usefulness of a combined approach of diver-
sification afforded with skewed VNS and intensification afforded with the local search
in general VNS.

Keywords Clique partitioning · Maximum diverse grouping problem · Variable
neighborhood search

1 Introduction

The clique partitioning problem can be described as follows. Given a weighted, non-
oriented and complete graph G = (V, E, w), we wish to find a partition of the node
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set into an unknown number of nonempty, disjoint subsets V1, V2, . . . , Vk such that
the sum of edge weights over the k induced subgraphs (or cliques) G1,G2, . . . ,Gk

is minimized. Let ci j denote the weight (or cost) of edge (i, j), for all pairs of nodes
(i, j), 1 � i < j � n, where n equals the number of nodes in G (n = |V |). A
mathematical formulation of the problem is given by (see [2] or [12]):

min
∑

(i, j)∈E
ci j xi j

s.t.

xi j + x jr − xir ≤ 1, ∀1 � i < j < r � n (CPP)

xi j − x jr + xir ≤ 1, ∀1 � i < j < r � n

− xi j + x jr + xir ≤ 1, ∀1 � i < j < r � n

xi j ∈ {0, 1}, ∀1 � i < j � n.

If xi j = 1, then nodes i and j are in the same cluster, and the cost ci j of edge (i, j)
is added in the objective function; otherwise it is not. The constraint set ensures that
all edges in the complete subgraph Gt , t = 1, 2, . . . , k, are included in the solution.

The clique partitioning problem (CPP) may be extended to incomplete graphs by
inserting fictitious edges with large positive weights between pairs of nodes wherever
edges are missing in the original graph. The large positive weight ensures that each
subgraph Gt , t = 1, 2, . . . , k, is a clique that contains no fictitious edges. If all edges
in a complete graph G have negative (or zero) weights, the problem becomes trivial,
with the optimal solution given by k = 1 and G1 = G. Thus, the CPP becomes
interesting only when some of the edge weights have positive values.

The CPP has important applications in the social sciences (e.g., see [2], and the
references therein). Wang et al. [16] demonstrate that the CPP compares favorably
with K -means and latent class analysis for recovery of cluster structure in real data
sets. An advantage of the CPP model is that we do not need to know the number
of clusters beforehand. One of the most cited applications of CPP is in the aggregation
of binary equivalence relations. In this context, the ci j parameters represent the number
of attributes on which nodes i and j disagree minus the number on which they agree.
For example, if there are 10 attributes in all being compared and given nodes i and
j have the same measurement on 8 of them, ci j = 2 − 8 = −6, and there is a
strong tendency to place these two nodes in the same cluster. If on the other hand
ci j = 8 − 2 = 6, there would be a tendency to place them in separate clusters [2].

The earliest methods to solve CPP use a simple relocation procedure that inter-
changes nodes across clusters until a local optimum is reached (e.g., [13]). Marco-
torchino and Michaud [10] expanded the search to include merging of clusters and
exchanging cluster memberships for pairs of nodes. Simulated annealing and tabu
search heuristics are proposed by De Amorim et al. [4], based on the simple relocation
neighborhood above. However, this also includes the possibility of relocating a node
to the empty set, thereby increasing the number of clusters by 1. Charon and Hudry [3]
investigate various “noising” procedures that distort the data in order to allow uphill
moves. Brusco and Köhn [2] develop a state-of-the-art “neighborhood search heuris-
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tic”, following the ideas of the variable neighborhood search (VNS) metaheuristic
(see [11]), where the shaking (or perturbation) step is carried out in a random fashion
instead of the systematic approach of VNS. The local search employs the single node
relocation neighborhood.

In the next section we show how the CPP may be reformulated as a maximally
diverse grouping problem. This allows us to modify a skewed general variable neigh-
borhood search that we recently developed (Brimberg et al. [1]) to solve themaximally
diverse grouping problem and apply this approach to the CPP (see Sect. 3 for details).
Computational results are reported in Sect. 4 on awide range of problem instances. It is
interesting that Brusco and Köhn [2] reported similar results with their neighborhood
search heuristic on test instances from [3], but significantly better results than Charon
and Hudry [3] on larger problem instances.We arrive at a similar finding relative to the
more recent paper. Finally in Sect. 5 we offer some conclusions and ideas for further
research.

2 Relation to the maximally diverse grouping problem

The maximally diverse grouping problem (MDGP) requires finding a partition of a
given set of elements (or nodes) into a specified number of mutually disjoint subsets
(or groups) in order to maximize the overall diversity between elements of the same
group. One of the earliest applications of MDGP was in the formation of student
workgroups [18]. For example, in MBA programs [5] it is very important to divide the
class into diverse study groups in order to enhance the learning environment. Another
application cited is the formation of peer review groups to evaluate research proposals
[7]. Again, the objective is to form diverse groups in order to ensure that projects are
evaluated from several different points of view. Other applications have been cited in
the literature; e.g., see [9] for exam scheduling, [17] for very large scale integration
(VLSI) design, and [8] for the storage of large programs onto paged memory.

In the MDGP the number of groups (or cliques) is fixed, and typically these groups
must have the same size, or nearly the same size. However, in the CPP we don’t know
the number of groups, and there are no limitations on group size. To get around this
difficulty, we simply set the number of groups initially to an upper limit of n (the
number of nodes in G), and allow some of these groups to be empty. No limitations
on group size are imposed, so that the number of groups is effectively treated as a
variable in the model formulation.

Now let yig = 1, if node i belongs to group g, and 0 otherwise. We reformulate
CPP as the following equivalent quadratic binary integer program:

max−
n∑

g=1

n−1∑

i=1

n∑

j=i+1

ci j yig y jg

s.t. (CPPe)
n∑

g=1

yig = 1, i = 1, . . . , n

yig ∈ {0, 1}, i = 1, . . . , n, g = 1, . . . , n
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This formulation is equivalent to the generalMDGPexcept that (a) all constraints on
group size have been deleted, and (b) the number of groups is no longer specified. Note
that the nonlinear formulation in (CPPe) allows a reduction in the number of constraints
compared to the original linear formulation (CPP) from O(n3) to n. Meanwhile the
number of binary variables remains the same in both formulations.

A similar 0/1 quadratic program as (CPPe) may be found in Wang et al. [15] as
an alternate formulation of the clique partitioning problem. However, in [15], a max-
imum number of cliques (kmax < n) is assumed to be known, which is not necessary
here. Also, those authors use the quadratic formulation to solve the group technology
problem, whereas we are showing here that the CPP may be viewed as relaxed form
of the MDGP.

By recasting the model in the form of a MDGP, we are now able to borrow any
solution method for MDGP and apply it (after some small modifications) to solve our
original CPP. We will take advantage of this fact by adapting a new skewed general
variable neighborhood search heuristic that was applied with great success on the
MDGP (see [1] and [14]). For completeness the details of the new heuristic as applied
to the CPP are given in the next section. Computational results in Sect. 4 demonstrate
that the new heuristic provides a powerful solution approach.

3 Implementation

3.1 Solution space of MDGP

The solution space consists of all possible divisions of elements into groups. The
current solution is represented by vector xc of length n (xc = (xc1, x

c
2, . . . , x

c
n)) such

that xci is the label of the group containing element i (i = 1, 2, . . . , n). In order to
speed up the local search, we also maintain matrix scc such that sccig is the sum of
edge weights between element i and all elements assigned to the group g in the current
solution:

sccig =
∑

j=1,2,...,n;xcj=g

ci j .

Note that for the current solution, matrix scc can be computed in O(n2).
The number of groups is initially set to n with one element in each group. But, as

explained later, the number of groups (gmax) is allowed to change during the solution
process. To accomplish this, we always maintain an empty group in the list of groups.

3.2 VND local search

The local search is implemented as a variable neighborhood descent (VND), for which
the following neighborhoods are designed: Insertion and Swap.

Neighborhood Insertion contains solutions obtained by moving only one element
from its current group to another group. By using the previously described matrix
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scc, it is possible to efficiently compute, for each feasible move, the change of the
objective function value. Denote with xn a “neighboring” solution obtained from a
solution xc by moving element i from its current group g1 to a group g2. In this case,
the sum of edge weights in all groups except the groups g1 and g2, are unchanged.
The element i is removed from the group g1, and because of that, the sum of edge
weights in the group g1 decreases by the sum of weights of edges between i and all
other elements belonging to the group g1. Element i is inserted into group g2; hence,
the sum of edge weights increases by the sum of weights of all edges between i and
elements belonging to the group g2. It is easy to conclude that the difference between
objective function values for solutions xc and xn is

� f = f (xn) − f (xc) = sccig2 − sccig1 .

Algorithm 1: Local search in Insertion neighborhood
1 Function LSIns(x, sc, f );
2 rez ← false;
3 for v ← 1 to n do
4 for g ← 1 to gmax do
5 if xv �= g then
6 d f ← scv,g − scv,xv ;
7 if d f < 0 then
8 Updatesc(x, sc, v, g);
9 xv ← g;

10 f ← f + d f ;
11 rez ← true;
12 end
13 end
14 end
15 end
16 return rez

If the insertion step is performed, we change the current solution, and then it is
necessary to update matrix scc. If the element i moves from the group g1 to the group
g2, then groups g1 and g2 are modified and values sccjg1 and sc

c
jg2

must be updated in
the following way:

sccjg1 = sccjg1 − c ji

and

sccjg2 = sccjg2 + c ji .

Since this updating must be performed for each element j , updating of matrix scc after
performing an insertion move has complexity O(n). On the other hand, the cardinality
of the Insertion neighborhood is O(gmaxn), where gmax is the current number of groups
(including the empty group). Note that if a group becomes empty as the result of an
insertion move, it is eliminated, the remaining groups are renumbered accordingly,
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and gmax is reduced by 1. If the insertion move results in group gmax (the empty one)
becoming a singleton, gmax is increased by 1.

Neighborhood Swap contains solutions obtained by swapping a single pair of ele-
ments belonging to different groups (elements exchange the group they are currently
assigned to). Let an element i be in a group gi and an element j in a group g j in current
solution xc. Denote with xn the solution obtained after moving element i into group
g j and element j into group gi . Since the element i is removed from the group gi , the
weights of edges between element i and elements remaining in the group gi do not
contribute to the objective function value of the new solution. But, because the element
i is inserted in the group g j , weights of all edges between i and the elements belonging
to the group g j contribute to the objective function value of the new solution. Similar
facts are true for the element j . So, we can finally calculate the difference between
the objective values of the current and neighboring solutions:

� f = f (xn) − f (xc) = (sccig j
− sccigi ) + (sccjgi − sccjg j

) − 2ci j .

It is obvious that the change in objective value for each solution from Neighborhood
Swap is done in O(1), while the cardinality of Swap is O(n2). After performing a
Swap move, it is necessary to update the matrix scc, and the complexity of this update
is O(n) (we can consider Swap or 2-opt as two successive Insertions).

Algorithm 2: Local search in Swap neighborhood
1 Function LSSwap(x, sc, f );
2 rez ← false;
3 for v ← 1 to n − 1 do
4 for u ← v + 1 to n do
5 if xv �= xu then
6 d f ← scv,xu + scu,xv − scv,xv − scu,xu − 2dv,u ;
7 if d f < 0 then
8 Swap(x, v, u);
9 f ← f + d f ;

10 Updatesc(x, sc, v, u);
11 rez ← true
12 end
13 end
14 end
15 end
16 return rez;

In brief the VND works as follows (for more details see [1]). The search is first
conducted in Neighborhood Insertion until a local minimum is obtained. The search
then proceeds to Neighborhood Swap. If after one cycle (see Algorithm 2), at least
one Swap move is made, the search resumes in Neighborhood Insertion, otherwise the
VND stops.
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3.3 Skewed general variable neighborhood search

Variable neighborhood search (VNS) is a well-known metaheuristic, or framework
for building heuristics, whose basic idea is a systematic change of neighborhood
structures during a search for a better solution (Mladenović and Hansen [11]). The
inner loop of the basic VNS variant contains 3 steps: (a) shaking; (b) local search;
(c) neighborhood change. A successful VNS variant, called General VNS, uses a
mechanism of changing neighborhoods not only in the diversification or Shaking step,
but also in the intensification or deterministic local search step (Hansen et al. [6]).
Skewed VNS is another VNS variant that modifies the ’neighborhood change’ step. A
current solution is allowed to move to an inferior solution only if the latter is very far
and of similar quality. Recently Brimberg et al. [1] show that the combination of both
variants, which they call Skewed General VNS (SGVNS), works very well in solving
the MDGP. For example in testing 540 instances from the literature, 530 best known
solutions were improved. This remarkable result is the main motivation of this paper.
The pseudo-code of SGVNS for solving CPP is given in Algorithm 3.

Algorithm 3: Skewed General Variable Neighborhood Search (SGVNS)
1 Procedure SGVNS(α, kmin , kmax , kstep) ;
2 f c ← InitialSolution(xc, scc);
3 VND(xc, scc, f c);

4 (xb, scb, f b) ← (xc, scc, f c);
5 k ← kmin ;
6 while Stopping condition is not met do
7 (xn , scn , f n) ← (xc, scc, f c);
8 Shake(k, xn , scn , f n);
9 VND(xn , scn , f n);

10 if ( f (xn) − αd(xn , xc)| f (xc)| < f (xc)) and ( f (xn) − αd(xn , xb)| f (xb)| < f (xb))
then

11 (xc, scc, f c) ← (xn , scn , f n);

12 if f (xc) < f (xb) then
13 (xb, scb, f b) ← (xc, scc, f c);
14 k ← kmin
15 else
16 k ← k + kstep ;
17 if k > kmax then k ← kmin end
18 end
19 else
20 k ← k + kstep ;
21 if k > kmax then k ← kmin end
22 end
23 end

Let us define d(xn, xb), the distance between solutions xn and xb, in the following
way:

d(xn, xb) =
∣∣∣{(i, j)|1 ≤ i < j ≤ n, ((xbi = xbj ) ∧ (xni �= xnj )) ∨ ((xbi �= xbj ) ∧ (xni = xnj ))}

∣∣∣
∑gb

g=1

(cbg
2

) ,
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where gb is the number of groups in the best solution xb, and cbg is the number of
elements in group g in the best solution.

Intuitively, the expression in the numerator is the number of pairs of elements
belonging to the same cluster (or group) in one solution, but not belonging to the same
group in the other solution. On the other hand the denominator is equal to the number
of edges participating in cliques in the optimal solution. The expression d(xc, xn)
denotes the distance between solutions xc and xn and calculates in a similar way. The
pseudo-code for the Shaking step is given in Algorithm 4.

Algorithm 4: Shake procedure
1 Procedure Shake(k, x, sc, f );
2 Select min{k, 30} vertices and move to empty group;
3 while k > 0 do
4 (u, v) ←(RandVert, RandVert);
5 if xu �= xv then
6 Swap(x, u, v);
7 k ← k − 1
8 end
9 end

10 Computesc(x, sc);
11 f ← Computeobj(x)

4 Computational results

Results reported in this section are obtained on an Intel x64 based computer with 3.4
GHZ CPU (with 4 cores) and 4Gb of RAM. The SGVNS heuristic is coded in C++
computer language.
13 benchmark instances The first set consists of 7 benchmark instances originally con-
sidered by Charon and Hudry [3] (rand100-100, rand300-100, rand500-100, rand300-
5, zahn300, sym300-50, regnier300-50) and 6 instances generated byBrusco andKöhn
[2] (rand200-100, rand400-100, rand100-5, rand200- 5, rand400-5, rand500-5). For
more details about these test instances see [3] and [2].
30 large new instances In order to compare heuristics on large problems, we introduce
new CPP instances. They consist of sets with 1000, 1500 and 2000 vertices, each
having 10 instances. The edge lengths are generated at random as integers uniformly
distributed in the range [−100, 100].
Preliminary testing and parameter values As explained earlier, our SGVNS has 4
parameters: α, kmin , kmax , kstep. Values of the three neighborhood parameters are set
as follows: kmax = max{100, n/5}, kmin = kstep = max{1, kmax/50}.

To obtain the value of parameter α (used in the skewed phase of SGVNS), we run
our heuristic 10 times on an instance with n = 1000 and with different values of α,
i.e., α ∈ {0.01, 0.02, 0.03, 0.04, 0.05, 0.06, 0.08, 0.10, 0.15, 0.20}. Results are given
in Table 1.

From the table we can conclude that the best value for parameter α is 0.02, and we
use this value in the remaining tests.
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Table 1 SGVNS results on
large test instance using ten
restarts and different values of α

α fbest favg fworst Time

0.01 −875,776 −870,699.00 −861,370 989.96

0.02 −878,331 −877,307.50 −875,902 931.99

0.03 −878,153 −876,886.70 −875,075 878.77

0.04 −878,163 −877,169.60 −875,565 977.02

0.05 −877,970 −877,017.70 −874,985 993.88

0.06 −877,970 −877,208.70 −874,985 869.10

0.08 −877,881 −877,032.30 −875,561 996.54

0.10 −877,870 −877,097.00 −875,365 995.44

0.15 −877,713 −876,793.70 −875,263 981.28

0.20 −877,857 −876,935.50 −875,263 912.92

Table 2 Comparison of NS-R, NS-TS and SGVNS on small instances; SGVNS is restarted ten times with
time limit tmax = n

Name Best NS-R NS-TS SGVNS

fbest favg Time

rand100-5 −1407 −1407 −1407 −1407 −1407 0.33

rand100-100 −24,296 −24,296 −24,296 −24,296 −24,296 1.42

rand200-5 −4079 −4079 −4079 −4079 −4079 26.59

rand200-100 −74,924 −74,924 −74,924 −74,924 −74,924 12.56

rand300-5 −7732 −7723 −7729 −7732 −7728 87.12

rand300-100 −152,709 −152,709 −152,709 −152,709 −152,709 24.81

sym300-50 −17,592 −17,592 −17,592 −17,592 −17,592 143.45

regnier300-50 −32,164 −32,164 −32,164 −32,164 −32,164 3.24

zahn300 −2504 −2503 −2504 −2504 −2504 29.4

rand400-5 −12,133 −12,096 −12,120 −12,133 −12,123 206

rand400-100 −222,757 −222,647 −222,374 −222,757 −222,735 212.65

rand500-5 −17,127 −17,008 −17,086 −17,127 −17,095.5 255.29

rand500-100 −309,125 −308,620 −308,341 −309,107 −308,754 291.00

A limit on CPU time set at tmax = n (in seconds) is used as the stopping condition
in all runs.

A requested by an anonymous referee, we also compared our SGVNS heuristic with
an exactmethod. To this endwe selected aCPLEX-LP solver for the linear formulation
of the CPP, and a CPLEX quadratic solver for the equivalent quadratic program [see
(CPPe) above]. The quadratic solver required excessive computer time, and thus, was
limited to very small test instances (n ≤ 15). The SGVNS heuristic obtained the
optimal solution in all cases tested (n = 10, 15, 20, 25, 30, 35). For example, for the
test instance with n = 35 nodes, the CPLEX-LP solver took 4127 s to find the optimal
solution, whereas SGVNS obtained the same solution in 0.03 s!
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Comparison with state-of-the-art heuristics In this subsection we compare results
obtained by our SGVNS with those from the literature. As alluded to earlier, the state-
of-the art comprises the “neighborhood search” heuristics referred to as NS-R and
NS-TS in [2]. In Table 2, we compare SGVNS with these two heuristics on the 13
small test instances. The second column reports the best known values obtained by
our SGVNS. Objective function values obtained by NS-R and NS-TS are given in
columns 3 and 4, respectively. The next 3 columns give results obtained by SGVNS:
the best objective value in 10 restarts, the average value and the average CPU time
spent before the best claimed solutions were found. Note that the running times of the
other two heuristics were set to 500 s in [2].

It appears that results of equivalent quality are obtained by all three heuristics for
these smaller instances, although SGVNS is slightly better on some. However, we
shall see that for the larger instances, SGVNS reports significantly better results.

In Table 3 the same methods are compared on our new large size test instances.
This time the best in 10, average in 10 and average cpu times for all three heuristics
are reported. In the last two columns we give the % improvement of SGVNS over the
other two state-of-the-art heuristics.

It appears that in all 30 large instances, SGVNS solutions were of better quality
and obtained in less cpu time. Therefore, our new heuristic may be considered as the
state-of-the-art for solving the CPP.

5 Conclusions

In this paper we develop a Skewed general variable neighborhood search (SGVNS)
heuristic for solving the clique partitioning problem (CPP). This new approach com-
bines the diversification provided by “skewed” variable neighborhood search with
the intensification of variable neighborhood descent (VND), the local search step in
“general” variable neighborhood search.

The combined SGVNS approach was recently used with success on the related
maximally diverse grouping problem (Brimberg et al. [1]). We obtain similar success
here on the CPP, with significant improvement on solution quality reported on several
large scale instances compared to the state of the art.

Future research directions include the design and testing of different neighborhoods
within VND, and the application of SGVNS to other combinatorial problems.

Acknowledgements This research has been supported in part by a Natural Sciences and Engineering
ResearchCouncil of CanadaDiscoveryGrant (NSERC#205041-2008) and by SerbianMinistry of Sciences,
Project #174010. This work is also partly supported by RSF (Russian Federation) grant 14-41-00039.

References
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