Information Sciences 563 (2021) 401-417

Contents lists available at ScienceDirect

Information Sciences

journal homepage: www.elsevier.com/locate/ins e

Aggregation of triangle of distortion functions N

Check for
updates

Ljubo Nedovi¢ **, Endre Pap”, Porde Dragi¢*

2University of Novi Sad, Faculty of Technical Sciences, Department of Fundamentals Sciences, Trg Dositeja Obradovica 6, 21000 Novi Sad, Serbia
b Singidunum University, Department for Postgraduate Studies, 32 Danijelova St., 11000 Belgrade, Serbia

ARTICLE INFO ABSTRACT
Article history: In this paper we introduce notions of distortion function and aggregated distortion func-
Received 7 September 2020 tion. Applying some extended aggregation function on the triangle of distortion functions,

Received in revised form 7 February 2021
Accepted 18 February 2021
Available online 28 February 2021

a new extended aggregation function is obtained. Properties of the aggregation function
constructed in this way depend on the properties of applied aggregation function and
the distortion functions used. Its properties as continuity, convexity, concavity, subadditiv-
ity and superadditivity are investigated.

2010 MSC:
26A15
26A48
26A51
26B35
26E50

© 2021 Elsevier Inc. All rights reserved.

Keywords:
Aggregation functions
Distortion function
Convexity

Concavity
Subadditivity
Superadditivity

1. Introduction

This paper is a continuation of the earlier research on construction of new aggregation functions with desirable properties
[1-10]. The main topic is a construction of new extended aggregation function by applying an initial extended aggregation
function on the triangle of initial functions. In [1-4,7-9], an initial extended aggregation function is applied on the triangle of
distance functions, see [11-14]. In this way, a new distance function is constructed and applied in image segmentation algo-
rithm. We remark that in [6] a new fuzzy measure is constructed by aggregating a triangle of fuzzy measures, see [15-24],
where the properties of the constructed fuzzy measure depend on the properties of the initial fuzzy measures and the prop-
erties of the applied extended aggregation function. In [10], an initial aggregation function is applied on the sequence of
fuzzy metrics, see [25], where a new fuzzy metric is constructed and used for image segmentation and image denoising.

In this paper we introduce a notion of distortion functions which can be observed as a transformation of some measure-
like information. Further, we will investigate the relevant properties of distortion functions such as continuity, convexity,
concavity, subadditivity, superadditivity and some other properties which are important for their aggregation and
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construction of new distance functions, fuzzy measures and fuzzy metrics. The properties of convexity, concavity, subaddi-
tivity and superadditivity of distortion functions and aggregation functions are closely connected with inequalities of Jensen,
Minkowski, Holder etc., see [26-28]. Applying an initial extended aggregation function on a triangle of distortion functions,
the new extended aggregation function is obtained. The properties of extended aggregation function constructed in this way
depend on the properties of applied extended aggregation function and used distortion functions.

In Section 2, the notion of aggregation functions on bounded and unbounded intervals is presented, see [29-36]. Some
additional properties of aggregation functions are listed in the same section. In Section 3 we introduce a notion of distortion
function. In the same section, we proved some theorems related to continuity, convexity, concavity, subadditivity and super-
additivity of distortion functions. In Section 4 we introduce a method of constructing new extended aggregation function by
applying an initial extended aggregation function on the triangle of distortion functions. Some basic properties of the newly
constructed aggregation function are discussed. In Section 5 we discuss subadditivity and superadditivity of the constructed
extended aggregation function presented in Section 4. Here is proved under which additional conditions concerning prop-
erties of initial distortion functions and initial extended aggregation function the constructed function is subadditive or
superadditive, with special accent on continuity, convexity and concavity. In Section 6 we analyze some other properties
of the extended aggregation function presented in Section 4, which are relevant from the aspect of construction of fuzzy
measures and distance functions. The above mentioned results and discussions are illustrated with several examples in Sec-
tion 7. In Section 8 some conclusions are formulated for the research and results obtained in this paper.

2. Preliminaries and previous research

Aggregation functions are a wide class of fuzzy operators, see [29-34,36-41], and they are used as a tool for information
fusion and decision making, in many scientific fields, especially in informatics, engineering, and even in social sciences, see
[12,41-45].

For the purpose of various fields of application, it is often of interest to consider arguments and values in some other
interval than [0, 1] bounded and unbounded intervals of real numbers. For the purpose of the research carried out in this arti-
cle, as in [6], we consider the following intervals:

[11] Bounded interval I; = [0, 1].

[12] Unbounded real interval I, = [0, oo].

[13] Unbounded real interval I5 = [0, oo], where by convention we adopt that Va € [0, 0], @ + 0o = 00,0 - 0o = 0,00 —co =0
and Va €]0, o0}, a - 0o = <.

We have by [30,31] the following definitions, where I is one of the considered intervals I, I, or Is.

Definition 1 (Aggregation function). For n > 2, an n-ary aggregation function is a function Ay, : I" — I with the following
properties:

(a01) The following boundary conditions hold.
(BO)

Depending on the observed interval I,
[ forl =10,1],

An(1,... 1) =1,
(2] for I, =[0,00],

Ap(ai,...,ay) = oo,
Vie{1,...,n}, aj—oo [n]( b ’ n) 0

[13] forI5 = [0, 0],

Apy (00, ..., 00) = oo.

(a02) A function A is monotonically non-decreasing in each component, i.e.,
Vie{l,...,n},a;<b = A[n](al,....,a,,) < A[n](bl.....,bn) (1)

hold for all n-tuples (ay,...,a,),(by,...,b,) €I".

By definition, forn =11is Ay (x) =x,x e .
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Definition 2 (Extended aggregation function). An extended aggregation function is a function A : G I" — I such that its every

n=1
restriction Ay : I" — I,n € N is an n-ary aggregation function.
Aggregation function can have many additional interesting and important properties, see [31].

Definition 3. For any fixed n € N, n-ary aggregation Ay, function may have the following properties:

(a03) Aggregation function Ay, is continuous.
(a04) Aggregation function Ay, is symmetric in each component if for each n-tuple (as, ..., a,) € I" and each permutation p of
the set {1,...,n} holds that

Ap(ar,...,a0) = Ap (@), - - . AQym))-

a05) Aggregation function Ay, is idempotent if for each n-tuple (q,...,a) € I" holds that Ay (a,...,a) = a.
[n] [n]

Remark 1. In the case of the interval I3 = [0,00] and points (ai,...,a,) € I3 which possible include also a; = oo for some
ie{l,...,n}, continuity (a03) of n-ary aggregation function Aj is understood in the sense that
limy; 5, A (X1, - - -, X0) = A(ar,...,a,) for all (ay,...,a,) € I5.

In [8] we have introduced a method of construction of new distance functions and metrics by applying an extended
aggregation function on a given triangle of initial distance functions and metrics. An application of such constructed distance
functions in image segmentation is presented in [1,3,7-9]. Similarly, in [6], for all considered intervals I;, I and I3, a general
construction method for fuzzy measures by applying extended aggregation function on a given triangle of fuzzy measures is
presented. The properties of the constructed distance functions and fuzzy measures depend both on the properties of the
initial distance functions and fuzzy measures and the properties of the applied aggregation function, see [6,8]. Therefore
the following properties of aggregation function are important, and will be considered in Section 4.

Definition 4. For any fixed n € N, let A, be an n-ary aggregation function.

(a06) Function Ay, is additive if for all (as,...,a,) € I, (by,...,b,) € I" that satisfy (a; + b1, ...,a, +by) € I" holds
A[n]((h +b1....,an +bn) IA[H](G],..‘ ,an) +A[n](b1, . ..7bn).

(a07) Function Ay is subadditive if for all (ai,...,a,) €I, (by,...,by) €I" that satisfy condition
(ay +by,...,a, +by) €I" holds

Ap(a; +bq,...,a,+bn) <Ap(aq,...,a;) +Ap(by, ..., bn).

(a08) Function Ay is superadditive if for all (aq,....,a,) €I, (b1,...,by) €I" that satisfy condition
(ay +by,...,a, +by) € I" holds

Ap(ai +b1,...,a0,+bn) = Ap(aq,...,a,) +Ap(be,....ba).

(a09) Function Ay, is positively homogenous if for all (ai,...,a,) € I" and for all t > 0 such that (tay, ..., ta,) € I" holds
Ap(tay, ... tay) = tAp(ai, ..., ay).

(a10) Function Ay, is positively subhomogenous if for all (ai,...,a,) € I" and t > 0 such that (tay, ..., ta,) € I" holds
Ap(tay,. .. tay) < tAg(ay, ..., ay).

(a11) Function Ay, is positively superhomogenous if for all (a;,...,a,) € I" and t > 0 such that (tas,...,ta,) € I" holds
Ap(tay, ... ta,) = tAg(aq,...,0n).

(a12) Aggregation function Aj; satisfy the implication

Ap(ar,...,a0)=0 = Vie{l,...,n}, aq;=0.

(a13) Aggregation function Ay, satisfy the implication

Apl(ar,...,a,) =0 = 3Jie{l,...,n}, q=0.

(a14) Aggregation function A, depending on considered interval I satisfy one of the following implications.
[11] For I = [0,1],

A[m(ﬂ],...,an) <1 = Vie {1,...,“}, a <1.
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[12] For I, = [0,00[ and (by,...,b,) € [0, 00]",

lim  Ap(ay,...,a,) <o = Vie{l,...,n}, bj < oo.
Vie{1,...,n}, a;—b;

[13] For I5 = [0, o0],

Remark 2. Aggregation function does not necessarily satisfy the property (a14) even in the case of interval I;. For example,
for n=2, consider the well known aggregation function minimum (see [31]) Ap :[0,00[> — [0,00[ defined by
Ap(ar,az) = min(as, az),a;,a; € [0,00[. Aggregation function Ap does not satisfy the property (al4) since, e.g,
limg, 4,)—(5,00) MiN(ay, az) = 5 < .

For extended aggregation function A : G I" — I, we will say that A has some of the considered property if its every restric-
n=1

tion Ay : I" — I,n € N has that property.
One widely used class of aggregation functions is weighted averages, see [29,31]. Each aggregation function of this type is
associated with appropriated triangle of “weights”.

Definition 5. For each n e N, let wy; = (Wy1,...,Wnn) be an n-tuple of nonnegative real numbers w,; > 0,ie{1,...,n},
such that

e 3! wn; = 1 in the case of interval I; = [0, 1],
o 0y, > 0 for some ip € {1,...,n} in the cases of intervals I, = [0, c0[ and I3 = [0, co].

System @ = {@wyy|n € N} of such coefficients is called triangle of weights.
One simple and well known extended aggregation function is described in the following example, see [1,6,29,31,36].

Example 1. Let ® = {wy; |n € N} be an triangle of weights. Function WAM" : " — I defined with

n
Wy
WAM," (a1, Gn) = > Onii,  (@1,...,0,) € " )
i=1
is called weighted arithmetic mean. In the case when w,; =1 i€ {1,...,n}, aggregation function WAM;’]‘" reduces to arith-

metic mean. It is easy to verify which of the properties from Definitions 3 and 4 are satisfied for each n-ary aggregation func-
tion WAMEZ][”] and the corresponding extended aggregation function WAM®, see [1,6]. =
Regarding the possible additional properties of aggregation function listed in Definitions 3 and 4, some remarks follow.

Remark 3.

(i) Aggregation function Ap)(x),x € I obviously satisfies all the properties from Definitions 3 and 4, and because of that,
further considerations and examinations of the properties of aggregation functions A will be carried for n > 2.
(ii) Assumptions (a; + by, ...,a, + b,) € I and (ta,, ..., ta,) € I" in properties (a06), (a07), (a08), (a09), (a10) and (a11) are
necessary only when for interval I we use bounded interval I;.
(iii) It is well known that additivity (a06) holds only for aggregation function weighted arithmetic mean WAM

Wl —ie
. ,ie,
when aggregation function is a linear transformation on I". Namely, homogenity (a09) of aggregation function follows

from its monotonicity (a02) and additivity (a06).

3. Distortion functions

In this section we introduce a special aggregation function called distortion function. Definition of distortion functions,
i.e., their monotonicity and boundary conditions are motivated by idea and methodology of construction of new aggregation
functions presented in the next section Namely, applying an arbitrary aggregation function on an arbitrary sequence of dis-
tortion functions, new aggregation function is constructed.
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3.1. Definition of distortion function and MU properties

)

The concept of distortion functions as arguments of weighted arithmetic mean WAM[H][“] was introduced in [6].

Definition 6 (Distortion function). Distortion function is a monotonically nondecreasing function f : I — I which satisfies the
boundary condition

f(0)=0, (3)

and, depending on the considered interval I, one of the following boundary conditions:

[I1] in the case of I; = [0, 1],

f(y =1, 4)
[12] in the case of I, = [0, 0],
limf (x) = oo, (5)

[13] in the case of I; = [0, o],
f(o0) = 0. (6)

Dealing with subadditivity and superadditivity, as well as with continuity, monotonicity and boundary condition (6) of
distortion functions and aggregation functions on interval I3, we need to precisely define these terms regarding value
oo € I5, as well as regarding Definition 3 of aggregation function and Definition 6 of distortion function, see [6]. For this pur-
pose we introduce terms of MU-convex, MU-concave and MU-continuous distortion functions on interval I5.

Definition 7 (MU-convexity on I3). Distortion function f :[0,00] — [0,00] is monotonically-unlimited convex on [0, 0],
abbreviated MU-convex, if its restriction on interval [0, oo is a convex function f : [0, co[— [0, oo (function with finite values)
and limy_,.f (x) = co. Additionally, function f : [0, co] — [0, o],

oo = {

0, x<o

00, X=o00

will be considered as MU-convex.

Definition 8 (MU-concavity on I5). Distortion function f : [0, o] — [0, oo] is monotonically-unlimited concave on [0, o], abbre-
viated MU-concave, if its restriction on interval [0, oo[ is a concave function f : [0, co[— [0, oo[ (function with finite values) and
lim,_.f (X) = oo. Additionally, function f : [0, co] — [0, o0,

s ={2 %7,

oo, x>0

will be considered as MU-concave.

Definition 9 (MU-continuity on I3). Distortion function f : [0, 0] — [0, c0] is monotonically-unlimited continuous on [0, o],
abbreviated MU-continuous, if for b = sup {x € [0, 0] |f(x) < oo} holds b > 0, f : [0,b[— [0, 00 is a continuous function, and
lim,_pf (X) = cc.

Remark 4. From monotonicity and MU-continuity, for distortion function f:[0,00] — [0,00] and
b =sup {x € [0,00] | f(X) < oo}, see Definition 9, obviously follows f(b) = cc.

The following two statements about reflection of convexity/ MU-convexity and concavity/ MU-concavity on continuity/
MU-continuity of distortion functions were proved in [6].

Theorem 1. Let f : I — I be a distortion function. If f is a convex function on the interval I; or I, i.e., f is a MU-convex function on
the interval I3, then the distortion function f is a continuous function on the interval I or I, i.e. f is a MU-continuous function on
the interval I3, except maybe at the point 1 in the case of interval I;, and except in oo for function f : [0, 0] — [0, <],

f(x):{o , X< 00

on the interval Is.
o , X=0
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Theorem 2. Let f : I — I be a distortion function. If f is a concave function on the interval I; or I,, or f is a MU-concave function on
the interval I5, then the distortion function f is a continuous function on the interval I, or I, or f is a MU-continuous function on the
0 , x=0
o , x>0

The following examples illustrate that convex distortion function on I; can have discontinuity at 1, that MU-convex dis-
tortion function on I; can have discontinuity at co, and that concave and MU-concave distortion function can have discon-
tinuity at 0 on any of the considered intervals.

interval I5, except maybe at the point 0, and except for function f : [0, c0] — [0, 0], f(X) = { on the interval Is.

Example 2.

142
(a) Distortion function f : [0,1] — [0, 1], f(x) = {516 ’ i f } is convex, but has discontinuity at the point 1.

ifz is MU-convex, but has discontinuity at the point oo.
Namely, it is only MU-convex distortion function with discontinuity at co.

. . . 0 x=0
c) Distortion function f : [ — I, f(x) = { ’
(c) f fx) Ix41 | x>0

(b) Distortion function f : [0,00] — [0, 0c], f(X) = {OOC

is concave on I; and I,, i.e. MU-concave on I3, but has disconti-

nuity at the point 0. =

3.2. Subadditivity and superadditivity

The next two theorems give the connection between the concavity of distortion function and its superadditivity, and
between the convexity of distortion function and its subadditivity.

Theorem 3. Let f : [ — I be a distortion function which is convex in the cases I; and I, or MU-convex in the case Is. Function f is
then superadditive, i.e., for all x,y € I it holds that

fx+y) = fx)+f).

Proof. In the case of interval I35 and MU-convex distortion function f, for x = co or y = oo, because of boundary condition
f(o0) = co equality f(x +y) = f(co) = f(x) + f(y) comes down to obvious equalities co = f(x) + co or co = oo + f(y). Because
of that, we will further observe just x,y € I for whichisx+y €I, or x,y € I,. Let = I, or I = I,. Let us first prove that

Vte[0,1], Vx el, f(tx) < tf(x). [D1]
Because of convexity of function f on I and because of boundary condition f(0) = O, for each t € [0, 1] and arbitrary x € I it
holds that
fx) =f(1-1)-0+tx) < (1-1)-f(0) + tf (x) = tf (x).
For arbitrary x,y € I satisfying x +y € I; in the case of interval I, the proof of superadditivity follows. Using twice inequal-

ity [D1] with t = ;%5 and t = ;%5 we obtain

fx+y) =2fx+y) =5fx+y) +5fx+y)

Xty Xty X+y:
S5 n) +F( )
=) +f).

Inequality f(x +y) > f(x) + f(y) is proved for all x,y € I, and for all cases of considered intervals . O

Theorem 4. Let f : I — I be a distortion function which is concave in the cases I; and I, i.e., MU-concave in the case I5. Function f
is then subadditive, i.e., for all x,y € I it holds that

fx+y) <fx) +f).

Proof. Proof is analogous to proof of Theorem 3. O
In the following examples we illustrate Theorems 3 and 4.

Example 3. Let o > 0 and k > 0, and let function f, , : I — I be defined by f} ,(x) = kx”,x € I, where I is any of the considered
intervals.
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(a) In the case I, function f, , defined by
f1,(x) =x*x €1 is a distortion function.
(b) In the cases I, and I3, f;, is a distortion function.

Additionally, for any o € [1, 0, f;, is a convex/MU-convex function, and f,, is superadditive by Theorem 3. On the other
hand, for any « €]0, 1], f,, is a concave/ MU-concave function, and f, , is subadditive by Theorem 4. »~

Example 4. Let o > 0 and k > 0, and let function f,, : I — I be defined by f,,(x) = ke™ — k,x € I.

(a) In the case of the interval I, function f%ﬂ defined by

1 1
f;x(x):eaileaxiﬁvxel

ex-1’

is a distortion function.
(b) In the cases of intervals I, and I, f,, is a distortion function.

Beside this, for each o > 0 and each k > 0, f,, is a convex/ MU-convex function, and it follows from Theorem 3 that f, , is
superadditive. ¢~

Example 5. Let o > 0 and k > 0, and let function f,, : I — I be defined by f;,(x) = k-In(ox+1),x € L.

(a) For interval Iy, function f

In(o+1)"

,, defined by

1

X)=———1In(ax+1),xel

fmoz( ) 1I1(OC+1) ( + )7 €
is a distortion function.

(b) In the cases of intervals I, and Is, f}, is a distortion function.

Additionally, for each o > 0 and each k > 0, f , is a concave/ MU-concave function, and it follows from Theorem 4 that f, , is
subadditive.

Superadditivity or subadditivity of distortion functions follows not just from their convexity or concavity, but also from
their boundary conditions, and from that distortion functions are monotonicaly nondecreasing. Convexity of monotone func-
tions generally does not imply their superadditivity, and concavity of monotone functions generally does not imply their
subadditivity. The following example illustrates that convex function can be also subadditive.

Example 6. Let o < 0, and let function g, :]0, 00[—]0, o[ be defined by g, (x) = x* x €]0, cc|. Since g,/ (x) = (e — 1)x*2 >0
holds for each x €]0, oo], it follows that g is a convex function. We will prove that g, is a subadditive function. For o < O,

ie, —o0>0 we obtain g,(Xx+y)<g(x)+8 () = X+y) <X +y" = = <grti= Ll = xyg
X4y HE+Y) ¥ =x*x+y)"* + (x+y)"*y~% and the last inequality is true for all x,y €]0, 00| and each —u > 0, since
from b™* < (a+b)™% a* < (a+b)?% follows that a*b™* < a*(a+b)™%, a*h < (a+b) 7?7

4. Aggregation of triangle of distortion functions

In this section we introduce an original method for a construction of new extended aggregation function by applying an
extended aggregation function on the initial system (triangle) of distortion functions. Also, some properties of constructed
extended aggregation function are discussed. Namely, the properties of constructed extended aggregation function depend
on the properties of initial distortion functions, and the properties of applied initial extended aggregation function. The main
interest is on subadditivity, superadditivity and other properties discussed in Sections 5 and 6 which are relevant for the fol-
lowing subjects:

(1) construction of new distance functions by applying aggregation function on the sequence of initial distance functions,
see for example [1,2,4,7-9],

(2) construction of new fuzzy measure by applying aggregation function on the sequence of initial fuzzy measures, see for
example [6].
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4.1. Aggregation of distance functions and fuzzy measures

Construction or choice of appropriated distance functions and fuzzy measures plays significant role in many decision
making tasks. For example, in [2,7-9] distance functions were constructed by applying aggregation function, and they are
used in image segmentation. Similarly, applying aggregation function new fuzzy measure can be constructed, see [6], and
applied in decision making processes as well as for other applications. In the next two definitions and theorems follows
the brief description of mentioned constructions, for some details and proofs see [6,8].

Definition 10 (Distance function). Let X # (5. Function d : X? — [0, oo| is a distance function if d(x,x) = 0 and d(x,y) = d(y,x)
for all x,y € X.

Definition 11 (Fuzzy measure). LetI =1;,1 =1, or I = I5. For X # ¢ and g-algebra .«Z, function m : .o/ — I is a fuzzy measure
on .« if m(g¥) =0 and m(A) < m(B) forall ACB,A,B € «/.

Theorem 5. For a fixed ne N, let d;: X* — [0,00[,i € {1,...,n}, be a sequence of distance functions on X # &, and let
Ap : [0, 00[" — [0, 0c[ be an arbitrary n-ary aggregation function. Function dy : X2 — [0, 00| defined by
d[n](x7y) :A[H](dl(x~y),,dn(x7y))7 X7y€X

is a distance function on X.

-

Theorem 6. For afixedn e N, letm; : o/ — I,i € {1,...,n}, be a sequence of fuzzy measures on o-algebra </, and let Ay : I
be an arbitrary n-ary aggregation function. Function my, : o/ — I defined by

My (F) = A (my (F), ..., ma(F)),  F e/

is a fuzzy measure on .«/.
Additional properties of constructed distance functions or fuzzy measures depend on properties of applied aggregation
function and properties of distance functions or fuzzy measures used in construction.

4.2. Aggregation of triangle of distortion functions

Let again I denote one of the intervals I; = [0,1],I; = [0, 00] or I3 = [0, oo] from Section 2. In the following two definitions
we introduce the notions of triangle of distortion functions and aggregated triangle of distortion functions.

Definition 12. For each n € N, let #;; = (f,,1,...,fn ) be an n-tuple of distortion functions f,; : I — I,i € {1,...,n}. System
F = {FyIn € N} of such functions is called triangle of distortion functions.

Definition 13. Let # = {# ;| n € N} be an triangle of distortion functions, and let A : | J;° ;I" — I be an extended aggregation
function with n-ary restrictions - aggregation functions Ay, : I" — I,n € N. Function A‘[f]"] :I" — I defined by

A’[:’]’” (aq,...,a,) = A[n] (fn,l (ar),. .. 7fn,n(a“))’ .

(ai,...,a,) €I", is called Ay, -aggregated distortion functions # ;. The corresponding function A7 U I" — I with restrictions
A'[f][”] is called A-aggregated triangle of distortion functions 7.

Proposition 1. For each n € N, function A'[ZJ‘" from Definition 13 is an n-ary aggregation function, and function A” is an extended
aggregation function.

Proof. Boundary conditions (B0) and (B1) from Definition 1 are satisfied for A'[f]["’ because they are satisfied for aggregation
function Ay, and distortion functions f,;,i € {1,...,n}, satisfy boundary condition (3) and one of the boundary conditions

(4), (5) or (6), depending on the considered interval I. On the other hand, for a function A'[f]"‘, monotonicity (a02) from Def-

inition 1 follows because A[’Z]"] is a composition of monotone nondecreasing aggregation function Ay and monotone nonde-
creasing distortion functions f,;,i € {1,...,n}. O
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In the following example, we present an aggregation function, and the corresponding extended aggregation function,
which is a special case of A'%[”] defined by (7). This aggregation function, called weighted arithmetic mean of distorted argu-
ments and denoted as WAM DA“’ "7 was introduced in [6], where its properties are also discussed. One more special type

of WAM DA[n]”‘ Zin aggregation function, called weighted arithmetic mean of powers and denoted as WAMP;’]”";“”‘, was intro-
duced and discussed in [1].

Example 7. Let = {wy; |n € N} be a triangle of weights, and let # = {7 |n € N} be a triangle of distortion functions. For
each n € N, function WAMDFE"[’” Z . _, | defined by

n
WAMDF" " (ay,....ay) = Y Onifui(@), (ar,....a0) €I" (8)
i=1

is an n-ary aggregation function which we call weighted arithmetic mean of distortion function. The corresponding extended
aggregation function WAMDF®” : {J*,I" — I is defined by restrictions WAMDF""

function WAMDF("[n i does not have any of the properties from Definitions 3 and 4. With some additional assumption
on parameters wy, and # ,, some of the mentioned properties can be satisfied, see [6].

71 n e N. In general case, aggregation

A special case of WAMDF[ ]“] o aggregation function is when distortion functions f,;,i € {1,...,n}, are power functions

with positive powers. Let w; be an n-tuple of nonnegative real numbers from some triangle of welghts o= {wy|neN},
and let /iy = (/lnvl,...,/nnn) €]0,00[" be an n-tuple of positive real numbers. We call the aggregation function

WAMPEZS” A, [ defined by
B n ”
WAMP" (... a,) = ona™, (a1, a) €T" 9)

weighted arithmetic mean of powers, and the corresponding extended aggregation function WAMP®* : | J>° ;" — I is defined by
restrictions WAM P”[”]'Z["] n € N and the triangle of powers /. = { i |n € N}. WAM P")["]"V["] aggregation function is introduced in

(r)[" n

[1], where the properties of this function are also discussed. For example, WAMP,, is a continuous aggregation function,
subadditive in the case when 4,; < 1 foralli € {1,...,n}, and superadditive in the case when 4,; > 1forallie {1,...,n}. »

Remark 5. In general case, Aj;-aggregated distortion functions # ), for arbitrary parameters # ; have none of properties
from Definitions 3 and 4. Namely, as its special case, WAMDF[n] : ’["] aggregation function also has none of these properties.

4.3. Properties of aggregated triangle of distortion functions

Further, we discuss under which additional assumption on distortion functions &, certain properties are satisfied. Let
be any of the considered intervals I1,I; or Is. For n > 2, let f,; :  — I, i€ {1,...,n}, be an arbitrary sequence of distortion

functions and %5 = (f,;,....,fns), and let Ay be an arbitrary n-ary aggregation function. Let A[n]»“] be an A;-aggregated dis-
tortion functlons Z 1 defined by (7).

(a03) If the aggregation function Ay and all the distortion functions f,,; : I — I,i € {1,...,n}, are continuous, then, obviously,
the aggregation function A’;:][”] is continuous as a composition of continuous functions. Beside that, for convex and con-

cave distortion functions we can obtain some additional conclusions about the continuity of A[f][“]. This conclusions are
formulated in the following theorem.

Theorem 7. For any n-ary aggregation function Ay and arbitrary sequence of distortion functions f,; : 1 — I,ic {1,...,n}, the
following statements hold for aggregation function A[n]" defined by (7).

(a) If Ay is a continuous aggregation function in all points (ai, .. .,a,) € I" for which a; # 0 for all i € {1,...,n}, and if all dis-
tortion functions f,;, i € {1,...,n}, are concave in the case of intervals I and I,, or MU-concave in the case of interval I,
then aggregation function A‘;}’”‘ is also continuous in all points (ay,...,a,) € I" for which a; # 0 for all i € {1,...,n}.

(b) If Ay is a continuous aggregation function in all points (ay,...,a,) € I" for which
o a;# 1 forallie{1,...,n} in the case of interval I,
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e a;# oo forallie{1,...,n} in the case of interval I,
and if all distortion functions f,;,i € {1,...,n} are convex in the case of intervals I and I,, or MU-convex in the case of interval I,

then aggregation function A';][”' is also continuous in all referred points.

Proof.

(a) By Theorem 2, each of concave or MU-concave distortion functions f,;,i € {1,...,n} is continuous or MU-continuous
except maybe in 0. Let S =]0, 1]" in the case of interval I;,S =]0, oo[" in the case of interval I, or S =]0, co]" in the case of
interval I3. Then, for the aggregation function Aj; which is continuous on the set S, the aggregation function A‘[f][”] is also
continuous on S as a composition of continuous functions Ay and f,;,i € {1,...,n}.

(b) By Theorem 1, each of convex or MU-convex distortion functions f,;,i € {1,...,n}, is continuous or MU-continuous

except maybe in 1 in the case of interval I, or except maybe in oo in the case of interval I5. Let S = [0, 1[" in the case
of interval I, or S = [0, co[" in the case of intervals I, and Is. Then, for the aggregation function A;; which is continuous

T

on the set S, the aggregation function A" is also continuous on S as a composition of continuous functions Ay and
f,,_j,l'e{‘l,....,n}. O

We continue with the examination of properties of aggregation function A‘[f]["]. Regarding the properties (a04) and (a05),
generally we can state the following.

Remark 6.

(a04) It is obvious that A‘[:‘]["] is symmetric only if A, is a symmetric aggregation function and f,; = f for some distortion func-
tion fandallie {1,...,n}.

(a05) Aggregation function A‘[f]["] is idempotent only under very restrictive conditions on aggregation function Ay, and distor-
tion functions 7 .

5. Subadditivity and superadditivity of aggregated distortion functions

In this section we investigate subadditivity and superadditivity of the aggregation function A'[i]["] defined in Section 4, i.e.,

we analyze the conditions under which A'[i]‘" is subadditive or superadditive. Generally we can state the following.

Remark 7.

(a06) Aggregation function A'[;’;]["] is additive only if it reduces on weighted arithmetic mean function WAM;’]{’”, see Remark 3. (iii)
and Example 1.

(a07) Generally, aggregation function A';][” is not subadditive. In considerations bellow, we discuss some additional condi-
tions on aggregation function Ay and distortion functions f,; : I — I,i € {1,...,n}, under which aggregation function
A’[f]"] is subadditive.

(a08) For the question of superadditivity of function A';]["], the same statement holds as for subadditivity (a07).

The following theorem gives one sufficient condition for subadditivity and superadditivity of A‘[f]"] aggregation function.
For WAMP!"*

il ™ the aggregation function is in Example 7, while the conditions for subadditivity and superadditivity of

WAM P;’]"]'Z["] function, as a special case of A’[;’,;]["] function are discussed in [1].

Theorem 8. Let Ay be an arbitrary n-ary aggregation function, and let f,; :1 —1I,i € {1,...,n}, be an arbitrary sequence of
distortion functions. Then for aggregation function A'[f][”] defined by (7) the following holds.

(a) If Ay is a subadditive aggregation function, i.e., has property (a07) from Definition 4, and if all distortion functions f,;

i€ {1,...,n}, are subadditive, i.e., f,;(a+b) < f,;(a) + f,;(b) foralla,b,a+b € I and eachi € {1,...,n}, then A[i][”] is also
a subadditive aggregation function (satisfies property (a07) from Definition 4.
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(b) If Ay is a superadditive aggregation function, i.e., has property (a08) from Definition 4, and if all distortion functions f,;,
ie{1,...,n}, are superadditive, i.e., f,;(a+b) = f,;(a) +f,;(b) for all a,b,a+b €l and each i c {1,...,n}, then A'[i]’”‘ is
also a superadditive aggregation function (satisfies property (a08) from Definition 4.

Proof.

(a) For arbitrary n-tuples (ai,...,a;) € I",(by,...,b,) € I', which satisfy (a; + by, ...,a, + b,) € I", applying monotonicity
(a02) and subadditivity (a07) of aggregation function Ap,, subadditivity

Filai +bi) < fri(a) + foi(bi) [+]

of distortion functions f,,;, it follows

An (@ +by,... @+ by) = A (Fa1 (@1 + 1), frn(@n + by))
[+],(a02

< )A[n] (fml ((11) +fn.1 (b1)7 eee 7frm(an) +fn.n(bn))

(a07)
< A[n] (fn,l (Cl]), oo 7fn,n(an)) +A[H] (fn.l (bl)v oo 7fn,n(bn))
=An (@, @) + AL (br,... by).
(b) The proof is analogous to the proof of statement (a), with >inequality instead of <, and with superadditivity (a08)
instead of subadditivity (a07) of aggregation function Aj;. O

In the following theorem, one more sufficient condition for subadditivity and superadditivity ofz‘\'[f][n aggregation function is
proved. The following sufficient conditions also have reflection on the question of continuity of the aggregation function

Zin)
Ay

Theorem 9. For arbitrary n-ary aggregation function Ay, and arbitrary sequence of distortion functions f,; : I — I,i e {1,...,n},
the following statements hold for aggregation function A‘;Z]"] defined by (7).

(a) If Ay is a subadditive aggregation function, i.e., has property (a07) from Definition 4, and if all distortion functions f,;,
i€ {1,...,n}, are concave in the case of intervals I, and I,, or MU-concave in the case of interval I3, then aggregation func-
tion A'[i]["] is subadditive (satisfies property (a07) from Definition 4).

(b) If Ay is a superadditive aggregation function, i.e., has property (a08) from Definition 4, and if all distortion functions f,;,
ie{1,...,n}, are convex in the case of intervals I and I,, or MU-convex in the case of interval I3, then aggregation function

A‘ﬁ’]"] is superadditive (satisfies property (a08) from Definition 4).

[n

Proof.

(a) By Theorem 4, concave or MU-concave distortion functions f,;,i € {1,...,n}, are subadditive on considered interval I,

and therefore, by Theorem 8, aggregation function A’;"]"] is subadditive.
(b) By Theorem 3, convex or MU-convex distortion functions f,;,i € {1,...,n}, are subadditive on considered interval I,

and therefore, by Theorem 8, aggregation function A';]»"] is superadditive. O

6. Some additional properties of aggregated distortion functions

J[n

Further we continue the examination of the rest of properties of n-ary aggregation function Ay I listed in Definition 4.

(a09) For aggregation function WAM P;J][” “n from Example 7 defined by (9), it is proved in [1] that WAM PE:][” “n aggregation

function is neither positive subhomogenous nor positive superhomogenous, and that there are no interesting classes
of parameters wp, and A (except some trivial cases, for example for weighted arithmetic mean WAMFZ{"]) for which

D) A

A aggregation function has the mentioned properties. Because the aggregation function WAMP is a

(OT"N

WAMP
[n]
special case ofA';]["] aggregation function, the same conclusions about properties (a09), (a10) and (a11) hold for A;]["].
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(a10) See (a09).
(a11) See (a09).

(a12) It is obvious under which additional assumptions A " aggregation function has the property (a12). Namely, if aggre-
gation function Ay, has the property (a12) and each of distortion functions f,;,i € {1,...,n}, satisfy f,,;(a;) = 0 only for

a; = 0, then aggregation function A';]“’] has the property (a12) because

Ay (@1, ) = Ay (fr (@), frp(@n)) = O
= Vie{l,...,n}, f,;(a)=0
= Vie{l,...,n}, a=0.
(a13) Generally, aggregation function A';][”] does not have the property (a13) (see Example 8). But, analogously as for the
property (al2), if an aggregation function Ay has the property (al3) and some of distortion functions
fniri€{1,...,n}, satisfies f, ;(a;) = 0 only for a; = 0, then the aggregation functlonA ‘" has the property (a13) because

A;][n (a11 R an) = A[n] (fn.l (CI]) fn n(an)) =
= 3i0€{17"'7n}7 fn.io(aio): s
and then a;, = 0 holds.

The following example illustrates that, in general case, aggregation function A';]‘"‘ does not have properties (a12) and
(a13).

Example 8. Let n > 2, and let I be any of considered intervals Iy, I, or I5. Further, let Wy = (Wp1, ..., Wan) With Wy =1,
ie{1,...,n}, and let functions f,; : I — I be defined by

0, a<05
(a) =
frila) {Za— 1, a>05
foreachi e {1,...,n}. Obviously, f,; are distortion functions. With coefficients wy, aggregatlon function A, WAM“’["] from

w[n] /‘

Example 1 and distortion functions #; = (f,.1,-.,fu,), applying (7) we obtain WAMDF, : I" — I aggregation function

from Example 7, defined by

Fi 1<
WAMDF" ™ (ar,.....a0) = = > foi(@),  (@r,....a) €T (10)
which is also a WAM"”"] -aggregated distortion functions 7 from Definition 13. For function WAM DF 7 properties (a12)
and (al3) are obvnously not satisfied because, for example, for a;=0.1%# 0,1 €{1,...,n}, holds
WAMDF"" " (ay,... ay) = 0. 1=

Let us consider the last property (a14) from Definition 4 for the aggregation function A;][” .

(a14) As we will see in the following discussion, the aggregation function A’;[”] defined by (7) does not have property (a14) in
the general case. But, depending on the considered interval I, the applied aggregation function A, and the properties
of distortion functions &, property (al4) can be satisfied.

[11] For the interval I3, the aggregatlon function A[n][”] does not have the property (a14). For example, for n = 2, using
Ap = WAMFZ’][ZI aggregation function from Example 1 with coefficients wp; = (0.5,0.5), and using distortion
functions

2a, a<0.5
x)=x,x€el0,1 a) = T

Fat=xxe 01, fa@={1" 5502,

we obtain

A;Z‘ (05,1)=0.5-f,;(05)+05-f,,(1)=05-05+05-1=0.75< 1,

for a, = 1.
For certain types of distortion functions 7 ; and applied aggregation functions Ay, property (a14) can be satisfied. One
sufficient condition for property (a14) on 1nterva1 I, is formulated in Proposmon 2 bellow.
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[12/13] For intervals I, and I3, aggregation function A'[f]‘”‘ does not have property (al4). For example, for n =2, using

Ap :WAM%Z‘ aggregation function from Example 1 with coefficients wyy = (0,1), and using distortion functions
fa1(x) =f,,(x) = X,x € I, we obtain

AV[I/ZT]Z] (a1,82) =0-f51(a1) +1-fr5(@2) =0-a; +1- a2 = ay,

so that
[12]  for I, and (b1,b;) =]oo, 1] we have

lim A% (@,¢)= lim @=1<x
e @v @) = m a2
for b; = oo,

[13] forI; and (ay,a;) =]oo, 1] we have
Ay (00, 1) =1 < 0

for a; = co.
For certain types of distortion functions . ;; and applied aggregation functions Ay, property (a14) can be satisfied. One
sufficient condition for property (a14) on intervals I; and I3 is formulated in Proposition 3 bellow.

Proposition 2. Let aggregation function Ay, : [0,1]" — [0, 1] satisfy property (a14) from Definition 4, and let for each of distortion
functions f,; : [0,1] — [0,1],i € {1,...,n}, hold that f, ;(x) = 1 if and only if x = 1. Then the aggregation function A;:][" defined by
(7) satisfies property (a14).

Proof. From

1‘\v[¥v/:]"](a17 .., 0y) :A[n]< n1(@), ... ~,fn,n(a”)) <1

and property (al14) of applied aggregation function Ay, follows that inequality f,;(a;) < 1 holds for each i € {1,...,n}, and
thenVie {1,...,n}, a; < 1, follows from the condition f,;(x) =1 <= x =1 of distortion functions f,;,i € {1,...,n}. O

Proposition 3. Let I be one of the intervals I, or I5. Let aggregation function Ay, : I" — I satisfy property (a14) from Definition 4.
Let for each of distortion functions f,,; : I — I,i € {1,...,n}, hold the following:

[12] limg,_pfy;(ai) = oo if and only if b; = oo in the case of interval I = [0, oof,
[13] fyi(ai) = oo if and only if a; = oo in the case of interval I3 = [0, cc].

Then the aggregation function A[i]["] defined by (7) also satisfies the property (al4).

Proof. Let aggregation function A, : I" — I satisfy property (a14).

[12] In the case of interval I, let for each i € {1,...,n}, hold that lim,,_,f,;(a;) = co if and only if b; = co. Then from

lim Ay, ay) = lim A ap),... a
(@1 ) (by b)Y (@, ) (@1 stn)— (b b a1 (@), fun(n)) <o

and property (al4) of applied aggregation function Ay follows that b; <oco for each of ie{1,...,n}. From
b; < o00,i € {1,...,n}, and condition

vie{l,...,n}, lin‘blfn‘i(ai):Oo <> bi = oo,
a;—bj

follows that b; < oo holds for eachi e {1,...,n}.
[13] In the case of the interval I3, let for each i € {1,...,n} hold that f,;(a;) = oo if and only if a; = co. Then from

A';]"J(ah. .. 7a,-,) :A[n]( nvl(al),. .. ,fn'n(an)) < o0

and property (a14) of applied aggregation function Ay, follows that for each i € {1,...,n} holds f,;(a;) < oo, and then from
condition
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VIe{lvvn}7 fn.i(a,‘):OO<:>ai:OO

follows that a; < oo for eachie {1,...,n}. O

7. Examples of the construction from Section 4

In this section we present some examples of the construction of new aggregation functions by applying some initial
aggregation functions on the sequence of distortion functions, i.e., using the method from Section 4 summarized in Formula
(7). Further, let I be again one of the intervals Iy, I; or Is.

For the purpose of discussion in the examples listed in this section, we will consider some properties of well known
aggregation functions minimum and maximum, see [29,31,36]. For each n > 2,n-ary aggregation functions
ming (a1, ...,0a), (A1,...,0,) € I", and maxp,(as,...,a,), (ai,...,a,) € I', are basic fuzzy intersection and fuzzy union opera-
tors, see [46] and also ba51c and simple aggregation functlons For aggregation functions miny; and maxy,, let us consider
some properties listed in Definitions 3 and 4.

(a03) Itis known and easy to prove that miny; and max, aggregation functions are continuous on all of considered intervals
L

(a07) In [8] it is proved that maxy, aggregation function is subadditive on the interval I;, and the same proof is valid on the
intervals I, and I5. That also implies that max; cannot be superadditive, because subadditivity and superadditivity
together mean additivity, but max;, cannot be an additive function - see Remark 3. (iii).

(a08) The proof of superadditivity of miny function is analogous to proof of subadditivity of max, function. Because of
superadditivity, min; cannot be subaddltlve at the same time. As noted above, subaddltlwty and superadditivity
together mean additivity, but miny; cannot be additive function - see Remark 3. (iii).

In the following examples, we will construct a new aggregation function applying in Formula (7) the aggregation func-
tions miny,; and max; on some sequences of distortion functions, where choosing distortion functions with certain proper-
ties we obtam new aggregation functions with adequate properties. Let further n > 2.

Example 9. For arbitrary sequences «; > 0,i € {1,...,n} and k; > 0,i e {1, ...,n}, of positive real numbers and n-tuples
O = (01, ..., 0n) and Ky = (k1,..., kn), let functions fy, , : I — I,i e {1,...,n}, be defined by f; , (x) = kie** — k;,x € I, where
I is any of the c0n51dered 1ntervals see Example 4. Denote # 1y = (fi, 4,5 - - 1k, )- AS We concluded in Example 4,

(a) in the case of interval I, functions f . .,i € {1,...,n}, are convex and superadditive distortion functions,
it

(b) in the case of intervals I, and I, for any o; > 0 and any k; > 0, functions f, , are convex/ MU-convex and superadditive
distortion functions.

Applying superadditive aggregation function miny,; with distortion functions #, in formula (7), we obtain the aggregation
function

min" (ar,....d,) = ming, (fmlilm (@), f rdﬂ(a,g) 11)
for (ay,...,a,) € [0,1]", in the case of interval I;, or aggregation function

min," (@, .., ) = Mingg (fi, 0, (@), Fi (@) (12)
for (ay,...,a,) € I" and intervals I, and Is.

In all cases of intervals and parameters k; and o;, functions f , are continuous/MU-continuous and convex/MU-convex.
On the other hand, aggregation function min, is continuous and superadditive, so that by Theorems 7 and 9 (b) aggregation

function mini["] is continuous and superadditive. By above considerations, it is easy to see that mln ! does not have
property (a12), but has property (a13). Also it does not have property (a14) because minj; does not have property (a14). v

Example 10. For arbitrary sequences o; > 0,i € {1,...,n}, and k; > 0,i € {1,...,n} of positive real numbers and n-tuples
O = (%1, .-,0n) and Ky = (ki,...,ky), let functions fy , : I —1Iie {1 ..... ,n} be defined by f ,, (x) = ki - In(oix + 1), x € I,
where I is any of the con51dered mtervals see Example 5. Denote # 5 = (fy, 4, - - -+ iy )- AS We concluded in Example 5,
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(a) for I, functions f] . 1)»M,i € {1,...,n}, are concave and subadditive distortion functions,
n(o;+ 1

(b) in the cases of intervals I, and I3, for any o; > 0 and any k; > 0, functions f, , are concave/ MU-concave and subaddi-
tive distortion functions.

Applying subadditive aggregation function max;,; with distortion functions #; in Formula (7), we obtain the aggregation
function

maxﬁnl (ai,...,0an) = Maxpy (fmlmi1 (ar),... ,fmvin(an)> (13)
for (aq,...,a,) € [0,1]", in the case of interval I;, and the aggregation function

max’{";]m (aq,...,0y) = MaXpy (f,w1 (@), fiyo (an)) (14)
for (ay,...,a,) € I" and intervals I, and I5.

In all cases of intervals and parameters k; and o;, functions f, ., are continuous/MU-continuous and concave/MU-concave.
On the other hand, aggregation function maxg,; is continuous and subadditive, so that by Theorems 7 and 9. (a), aggregation

0 7
n

function max;][ is continuous and subadditive. From the above considerations, it is easy to see that max; ]["J has properties
(a12), (a13) and (a14).

8. Conclusion

Distortion functions represent a suitable model for information transformation. Related to the nature and meaning of
information, choosing distortion functions we can model desirable transformation of information before we include it in
information fusion by aggregation function. Choosing sequence of distortion functions and aggregation function with appro-
priated properties, we obtain new aggregation function with some desirable properties. Various properties of constructed
new aggregation function can be relevant for constructing new measure-like functions as distance functions, fuzzy measures,
fuzzy metrics etc. For example, in [47] subadditive functions are used in the construction of generalized Choquet integral.
Our future research will be focused on construction and investigation of distortion functions and aggregation functions suit-
able for construction of distance functions and fuzzy measures which are good models for certain decision making criterions,
as for example for construction of distance functions for applications in image segmentation and other image processing
tasks.
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