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Exercises and Solutions

Preface

The prologue of a well known book on probability! cites Edward Davenant (a XVII
century English clergyman and academic) who reportedly said that he “would have a
man knockt in the head who should write anything in Mathematiques that had been
written before”. The question “what’s new here then?” immediately arises for anyone
who attempts to write on a standard academic subject. Given the abundance of study
material available online, this question remains especially relevant today.

This solution manual is based on the set of problems the author collected during
many years of his professional work on statistical modelling and analysis, both in in-
dustry and academia. Some exercises in particular come from the material he used
while teaching the undergraduate courses in Probability Theory and Stochastic Pro-
cesses at the National University of Ireland, Galway.

Most of the problems found in this monograph are standard in the sense that they
(or their versions) can be found in a myriad of textbooks and course syllabi with sim-
ilar exercises and solutions. Although the text doesn’t claim to formulate new prob-
lems, the manual provides a collection of highly detailed solutions and answers. This
serves as a nod to the students who are struggling to cope with the subject matter
(and who doesn’t at times?) who are eager to understand all the steps of reasoning
and derivations employed in the solutions. In addition, the text offers a balanced mix
of problems: some of which are solved using basic logic and computation, while oth-
ers are theoretical, and require rigorous proofs.

The problems in the chapter ‘Probability I’ are concerned with the algebra of events,
and require minimum mathematical skills. The section ‘Probability II’ deals mostly
with the countable sample spaces and discrete random variables. ‘Probability III’ fo-
cuses on uncountable sample spaces and continuos random variables and may be
slightly more mathematically demanding. The problems in ‘Stochastic Processes’
cover the basics of random processes with dicrete state space, typically taught in un-
dergraduate introductory courses.

Milovan Krnjaji¢

Belgrade, October 2020.

IBillingsley, P. (1995) Probability and Measure
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Exercises in Probability |
Exercise 1.1 Let A and B be two independent events.

(a) Prove that A and B¢ are independent events, where B¢ is the complement of

event B .
(b) Are A° and B¢ also independent?

Exercise 1.2 If A and B are two mutually exclusive events, when are they also inde-

pendent?

Exercise 1.3 What are the underlying probability spaces for the following experi-
ments:
(a) three tosses of a biased coin.

(b) an box contains two red and two black balls; two balls are drawn without

replacement.
(c) a biased coin is tossed repeatedly until a head shows up.
Exercise 1.4 Let ) be a sample space partitioned into sets A and A°. Assume that

for an event B on the sample space () the conditional probabilities P(B|A) and
P(B|A°) are defined. Find P(A|B) and P(A¢|B).

Exercise 1.5 Let A and B be two events defined on the same sample space. Using
axioms of probability show that P(A U B) = P(A) + P(B) — P(AN B). Hint:
Draw a Venn diagram and express A U B as a union of three disjoint subsets.

Exercise 1.6 A fair coin is tossed repeatedly. Show that with probability one, a head
appears sooner or later. Likewise, show that any given finite sequence of heads

and tails will occur eventually with probability one.

Exercise 1.7 Prove Boole’s inequality:

Exercise 1.8 Show that P(AU B UC) = 1 — P(A°|B° N C°)P(B°|C°) P(C®).
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Exercise 1.9 Calculate P(A|B)when (a) AnB =10, (b) AC B,and (c) B C A.

Exercise 1.10 Let P(A) = 0.43 and P(B) = 0.87, where A and B are events. Show
that P(AN B) > 0.30.

Exercise 1.11 An urn contains five red and seven black balls. A ball is randomly se-
lected from the urn, its color noted and then two balls of the same color are put
in the urn. This procedure is repeated four times. What is the probability of
observing the following sequence of colors: "red, red, black, black" (in the given

order)?

Exercise 1.12 A pair of fair dice are to be rolled repeatedly and the sum S of the two
numbers is observed for each roll. What is the probability of observing S = 7
before S = 3?

Exercise 1.13 Which of the following two events is more likely?

(a) Four rolls of a fair die show at leas one six.
(b) Twenty four rolls of two fair dice show double six at least once.

Exercise 1.14 A student claims that two events A and B are mutually exclusive and
have probabilities P(A) = 0.7 and P(B) = 0.6. Is this possible? Explain.

Exercise 1.15 When playing a state lottery a player chooses 8 out of numbers 1 to
40. Lottary commission then performs an experiment that selects eight out of
these forty numbers. We assume that all of (480) combinations are equally likely.
What is the probability that a player has

(a) all 8 of the winning numbers?
(b) at least 7 of the winning numbers?
(c) at least 6 of the winning numbers?
Exercise 1.16 From a group of 6 freshmen, 8 sophomores, 8 juniors and 6 seniors a

committee of size 4 is randomly selelcted. Find the probability that the com-

mittee will consist of

(a) one student from each class
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(b) two sophomore students and two juniors

(c) only sophomores or juniors

Exercise 1.17 A bank has good and bad loans. The chance of a bad loan defaulting in
any year is 40%, while the chance of a good loan defaulting is only 5%. Currently
the bank assesses that 80% of its loans are good. What proportion of loans will
default in the next year?

If a loan defaults, what is the probability that the bank had correctly classified

it as a bad loan?

Exercise 1.18 A box contains three coins of which one is a regular coin, one doube-
headed and one double-tailed. A coin is selected randomly and flipped. What is
the probability that it is a double-headed coin if it shows a head?

Exercise 1.19 Two players alter rolling dice. To win, each player needs to make a
specific score. If neither rolls the required score, the play continues. Player A
wins each roll with probability ¢ and player B wins with probability b. What is
the probability that A wins (a) if he makes the first roll; (b) what if he makes the
second roll?

Exercise 1.20 Let the sample space 2 = 1,2, 3,4, and consider events A = 1,2, B =
1,3,C = 2,3. Also, let P(n) = 1/4,wheren = 1,2, 3, 4. Are events A, B, C jointly
independent? Does P(A, B,C) = P(A)P(B)P(C) imply pairwise independence
of (4, B),(A,C),(B,C)?

Exercise 1.21 Bob and Mike play tennis and the game came to deuce. Bob wins any
point with probability p;, independently of any other point. What is the proba-
bility that Bob wins the game?

Exercise 1.22 Suppose three fair coins are flipped. Then, it must be that at least two
are alike. Also, it’s even chance whether the third is a head or a tail. So, the
probability that all three are the same is 1/2. Or, is it?

Exercise 1.23 A box contains two marbles for which it is known that each is either

white or black. Show that one is black and the other is white!
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Exercise 1.24 Each of three boxes contains two marbles with following distribution
of colors: BB, BW,WW. Select a box at randomand remove a marble withiut
looking at it. Note that it’s equally likely for the other counter to be black or
white. Therefore, the chance that the selected box contains identical marbles is

1/2. Do you agree or disagree, and why?

Exercise 1.25 You’ve met a relative after many years and learn that she has two chil-
dren. Moreover, at least one of them is a boy. What is the probability that both

children are boys?

Exercise 1.26 A box contains twenty coins but five are counterfit. A thief steals five
randomly selected coins. After that the owner picks randomly one coin from the

remaining fifteen.
(a) What is the probability that this coin is counterfit?

(b) Given that the coin picked by the owner is counterfit, what is the probability

that the thief stole at least one counterfit coin?

Exercise 1.27 Show that the probability that exactly one of the events A and B occurs
isP(AUB) = P(A)+ P(B) —2P(AN B).

Exercise 1.28 Tree cards are selected without replacement from a regular deck of 52

cards. Find the probabiliy of not obtaining a spade.

Exercise 1.29 Let 90% of a sphere be colored red with rest 10% black. Show that
regardless of the distribution of colors, there is always a way to inscribe a cube

with all red vertices.

Exercise 1.30 A laboratory blood test is 95 percent correct in detecting a certain dis-

ease when it is, in fact, present. In other words, the sensitivity of the test is

95%. However, the test also gives a “false positive" with probability 0.02 for the

healthy persons tested. That is, if a healthy person is tested, then with probabil -

ity 0.02 the test will come out positive. This is also phrased as — the test has 98%

specificity, or the test comes out negative 98% of time when a person is healthy.
If one percent of the population actually has the disease (the prevalence of the
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disease is one percent), what is the probability that a randomly chosen person

has the disease given that the test came out positive?

Exercise 1.31 Alice goes on vacation and asks her relative Bob to take care of her
flowers in her absence. The flowers are very delicate and have 15% chance of
withering away. If not watered that chance is 80%. Alice is 90% certain that Bob
will take good care of the flowers.

(a) What is the probability that upon her return Alice will find flowers alive?

(b) If her flowers have withered away, what is the probability that Bob forget to

fulfill his promise?

Exercise 1.32 Assume that there are n possible outcomes in a trial and let p; be the
probability of the i-th outcome Note that > p; = 1. If two independent trials
are observed, find the probability that the outcome in the second trial is larger
than in the first.

Exercise 1.33 Mr. Smart Alek has come up with a gambling system he thinks would
win him money. When he bets on red, he places $10 only after he has seen 10
consecutive spins that landed on black. He is convinced that the probability of
11 consecutive spins resulting in black is very small. What’s your opinion about

this system?

Exercise 1.34 Let A, B, C be events on the same sample space. Show the following

(a) the conditional independence of A and B given C does not imply indepen-
dence of A and B

(b) independence of A and B does not imply conditional independence of A and
B given C

(c) For which events C' are both (a) and (b) satisfied?

Exercise 1.35 Let a coin have probability of 0.8 of landing on heads whe flipped. Alice

observes the result (either heads or tails) and goes to tell Bob. However, Alice’s
attention span is fairly short and there is 0.4 chance that she would forgot the
result by the time she communicates it to Bob. If Alice forgets the result, instead
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of admitting it, she’d tell with equal probability that it was either heads or tails.

If Alice remembers the result, she’d faifully convey it.
(a) What is the probability that Bob will be told that the result was heads?
(b) What is the probability that Bob is given the correct result?
(c) Given that Bob is told that the coin landend on heads, what is the probability
that it was in fact so?

Exercise 1.36 Marbles are randomly removed from a box that initially contained 20
red and 10 blue marbles.

(a) What is the probability that all of the red balls are removed before all of the

blue ones have been removed?
Now, assume that the box contains 20 red 10 blue and 8 green marbles.

(b) What is the probability that all of the red marbles are removed before all the

blue ones have been removed?

(c) What is the probability that the marbles are drawn in the order blue, red,

green?
(d) What is the probability that the group of blue marbles is the first of the three

groups to be removed?

Exercise 1.37 Lets’s play a game with an an ordinary deck of 52 cards. Assume that a
dealer randomly draws two cards without replacement. Find the probabiity that
both cards are aces conditioned on the additional information from the dealer
in each case below.

(a) Dealer says that one of the cards is the ace of hearts.
(b) The first selected card is an ace.
(c) The second card is an ace.
(d) At least one card is an ace
Exercise 1.38 Let a drug D have 99% success rate in cases where the bad side effects
do not arise. The bad side effects do occur in 5% of cases whe the drug D is

administered. If side effects are present the success rate fo the drug falls to
30%. What is the uncoditionsl probability of success if this drug is used?
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Exercise 1.39 An exam multiple choice question offers n choices. A student either
knows to answer the question with probability p or guesses randomly with prob-
ability 1 — p. Given that the answer is correct, what is the probability that the
student did not guess it, that is, he new the answer?

Exercise 1.40 Let the sequence {A,,n > 1} be either increasing or decreasing se-
quence of events. Show that P is continuous function, that is,
lim P(A,) = P(lim A,).
n—oo n—oo
Exercise 1.41 Assume that you are looking for a top-floor apartment. An ad in the
newspaper says that there are two vacant apartments in a building with 7 floors
with 8 apartments per floor. You decide to go out and check the appartments
only if there is at least an even chance that the top appartments are available

for rent. Find the probability that there is a vacant apartment on the top floor?
Will you go to ot check this building?

Exercise 1.42 A group of five people simultaneously enter an elevator at the ground
floor. There are 10 upper floors. The persons choose their exit floors inde- pen-

dently of each other.

(a) Specify an appropriate sample space and determine the probability that they
are all going to different floors when each person randomly chooses one of the
10 floors as the exit floor.

(b) How does the answer change when each person chooses with probability 12
the 10th floor as the exit floor and the other floors remain equally likely as the
exit floor with a probability of 1/18 each.

Exercise 1.43 The Manhattan distance of a point (X, y) in the plane to the origin

(0,0) is defined as |z| + | y|. You choose at random a point in the unit square
{(z,y) : 0 < 2,y < 1}. What is the probability that the Manhattan distance of
this point to the point coordinate origin, (0, 0), is no more than d for 0 < d < 2?

Exercisel.44 In the movie Deer Hunter there is a greasly scene of two prisoners of
war being forced to play Russian roullette. In a somewhat different yet equally
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bizarre scenario, assume that three persons, A, B and C are “playing” the Rus-
sian roulette in which they take turns pulling the trigger of a six-cylinder re-
volver loaded with one bullet. Before each turn, the magazine is spun to ran-
domly select a new cylinder to fire until the deadly shot. Threee players take the
order A, B,C, A, B,C, .... Determine for each of the three players the probabil-
ity that the player will be the one to trigger the deadly round.

Exercise 1.45 Three players A, B and C, play a poker game. They need to choose the
dealer an they do it by each of them drawing a card from a freshly shuffled deck
until someone gets an ace. They draw a card in order A, B,C, A, B,C,.... The
first player receiving an ace starts the game as dealer. Does everyone have an
equal chance to become dealer?

Exercise 1.46 An oil explorer performs a test to find out whether oil is likely to be in
a certain area. The probability that the test correctly indicates the presence of
oil is 90% if oil is indeed present in the test area and the probability of a false
positive is 15% if no oil is present in the test area, or in other words, the test is
85% negative in case the oil is really not present. The explorer’s prior belief re-
garding the presence of oil in the test area can be quantified as prior probability
of 40%. Use Bayes’ rule in odds form to update the value of the probability of

oil being present in the test area given that the test gives a positive signal.

Exercise 1.47 Assume that two numbers from 1 to 10 are generated randomly and

independently of each other.

(a) What is the probability that both numbers are even if the information is pro-
vided that at leas one is?

(b) What is the probability that both numbers are even given the information

that the number two is among the two randomly generated numbers?

Exercise 1.48 Assume that five people are sitting at a bar. Two of them order rum
and the other three order vodka. The waiter forgot who ordered what and puts

the drinks in a random order for the five persons.

(a) Specifying an appropriate sample space find the probability that each person
gets the correct drink.
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(b) Solve the problem using conditional probabilities.
Exercise 1.49 Assume that P(A|B) > P(A). Is it then true that P(B|A) > P(B)?

Exercise 1.50 Let X and Y be the scores on two fair dice taking values in the set
{1,2,....,6}.Let A; = {X+Y =9}, Ay = {X € {1,2,3}},andA3 = {Y € {3,4,6}}.
Show that P(A1 U A, U A;) = P(A;)P(Ay)P(A;3). Are these three events inde-

pendent?

10
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Exercises in Probability Il

Exercise 2.1 A box contains twenty balls numbered from one to twenty from which
three balls are randomly selected without raplecement. If we bet that at least
one of drawn balls has a number > 17, what is the probability of winning the
bet?

Exercise 2.2 Let P(X =1i) = kA"/nl,n = 0,1,2,... where X is a positive constant, be
the probability mass function of a random variable X. Find (a) P(X = 0); (b)
P(X > 2).

Exercise 2.3 Let X and Y be independent Poisson random variables with parame-
ters \, $mu, respectively. Prove that the distribution of X + Y is Poisson with

parameter A\ + p.

Exercise 2.4 Consider an experiment in which a coin is flipped once and lands on
heads with probability p, and tails ¢ = 1—p. Let X and Y be the numbers of heads
and tails, respectively. It’s not surprising that X and Y are not independent
because P(X =1,V =1)=0,but P(X =1)P(Y =1) = p(1 — p).

Assume that the coin is tossed N times where N is a random number following
the Poisson distribution with parameter \. It is a remarkable fact that now X

and Y are independent random variables. Prove that it is indeed so.

Exercise 2.5 Let X and Y be independent random variables, each taking the values
—1 or 1 with probability 1/2; and let Z = XY
(a) Show that X, Y, Z are pairwise independent.
(b) Are XY, Z jointly independent?

Exercise 2.6 Let X and Y be independent positive integer-valued random variables
having the same probability mass function f(x) =27*, 2 = 1,2, .... Find:

(@) P(min(X,Y) < z),(b) P(Y > X), (c) P(X =Y), (d) P(X > kY), for a given
integer k, (e) P(X divides Y, (f) P(X = rY’), for a given positive rational r.

12
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Exercise 2.7 Let X have the probability masss function f and Y = ¢(X) where g :
R — R. Prove that

E(g(X)) = g(x)f(x)
provided that the sum is absolutely convergent.

Exercise 2.8 Prove that F(aX +bY) = aFE(X) +bE(Y), wherea,b € R,and X and Y

are discrete random variables.

Exercise 2.9 Let X and Y be independent Bernoulli random variables with parameter
p = 0.5. Show that X + Y and | X — Y| are uncorrelated yet not independent.

Exercise 2.10 Show that if X and Y are independent then
E(XY) = E(X)E(Y).

X and Y are called uncorrelated if E(XY) = E(X)E(Y). Note that the indepen-

dent variables are uncorrelated, however, the converse is not true.
Exercise 2.11 Let X and Y be random variables. Show that

(a) var(aX) = a?var(X) for a € R,

(b) var( X+Y) = var(X) + var(Y) if X and Y are uncorrelated.

Exercise 2.12 Let G = (V, E) be a finite graph. For any subset W of vertices and any
edge ¢ in F, define the indicator function

Iw(e) =

1 if e connects W and W¢
0 otherwise.

Set Ny = > . Iw(e), that is, Ny, is the number of edges which connect verte-
ces in W with those in W¢. Using the probabilistic method show that there exists
W C V such that Ny > |E|/2.

Exercise 2.13 Using the probabilistic method again, prove the claim in the following
problem. Assume that there is a sequence of 17 integrated circuits (IC-s) ar-
ranged in a circle, and that it’s known that five are faulty. Show that there is a

subsequence of seven IC-s in which at least three are faulty.

13
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Exercise 2.14 Let there be a random number of coins on the table, where N has the
Poisson distribution with parameter \. Let each coin be flipped once with heads
appearing with probability p. Prove that the total number of heads also has the
Poisson distribution but with parameter p\.

Exercise 2.15 Let X and Y be independent discrete random variables and let ¢,/ :
R — R.
(a) Show that ¢g(X) and h(Y") are independent.

(b) A more general statement is that X and Y are independent if and only if
fx.y(z,y) can be factorized as the product g(z)h(y) of a function ¢ of = alone

and a function / of y alone. Prove this.
Exercise 2.16 Let X and Y be independent Poisson variables with parameters A and
i, respectively.
(a) Show that X + Y is Pisson with parameter \ + .
(b) Show that the conditional distribution of X, given X + Y = n, is binomial.

Exercise 2.17 If the values of random variable X are only positive integers, show
that

BE(X) = i P(X > n).

Exercise 2.18 There are n students at the graduation ceremony. At the end everyone
tosses their academic graduation cap in the air. Assume that each cap has a
unique student ID on it. The caps are then collected in one pile and students
randomly select a cap. What is the probability that not a single student gets the
correct cap?

Exercise 2.19 Let X and Y be discrete random variables with the joint probability

mass function

fxy(@y) =kl(z+y—D(z+y)(z+y+1)]", wherez,y=1,2,3,...

(a) Find the marginal distributions of X and Y.

14
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(b) Determine the normalizing constant k.

(c) What is the covariance of X and Y?

Exercise 2.20 Let X and Y be discrete random variiables with mean zero, variance

one and covariance p. Show that
E(max{X? Y?}) <1+ +/1-p2

Exercise 2.21 Let f(X,Y) be the joint mass function of discrete random variables X
and Y.

(a) Show that E(log fx (X)) > E(log fy(X))

(b) The following expression is the mutual information between X and Y':

fX,Y) )}

[ =Exy [log (m

Prove that 7 > 0 with equality if and only if X and Y are independent.
Exercise 2.22 Prove that the conditional expectation /(X ) = E(Y|X) satisfies
E(E(Y|X))=E(Y).

Here, ¢(X) = E(Y|X), empasizes that (Y| X) is a function of the random vari-
able X. Note also that the first expectation operator in E(E(Y|X)) is with re-
spect to the distribution of X, whereas the second, F (Y| X), is (obviously) over
the conditional distribution of Y| X.

Exercise 2.23 Prove that the conditional expectation /(X ) = E(Y|X) satisfies
E(E(Y[X)g(X)) = E(Yg(X))

for any function ¢ for wich both expectations exist. Note that the expectation
in E(Y g(X)) is with respect to the joint distribution of X, Y.

Exercise 2.24An investor takes a position in N stocks, where /N has the Poisson dis-
tribution with parameter \. Each investment (bet!) will be profitable with prob-

15
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ability p independently of other investments. Let K be the number of successful
investments. Find E(K|N), E(K), and E(N|K).

Exercise 2.25 Let X and Y be two discrete random variables not necessarily inde-
pendent. Prove that P(X +Y =z2) =) f(z,2 — ).

Exercise 2.26 A manufacturimg process in a company yields 1% defective parts inde-
pendently of each oter. The parts are sold in packages of ten parts per package
and the company will replace a package free of charge or give money back if
more than one part is defective. What proportion of packages sold must the

company replace?

Exercise 2.27 Assume that in a jury trial it takes 8 out of 12 jurrors to convict the
defendant. In other words, for the defendantn to be convicted at least 8 out of
12 jurrors must cast a guilty vote. Assume that the jurrors make their decisions
independently. If each juror makes the right decision with probability p, what is

the probability that ge jury will do a good job, that is, render a correct decision.

Exercise 2.28 Let X denote a binomial random variable with parameters (n, p),where
0 < p < 1. Then, as k assumes values form 0 to n, the probability P(X = k)
first increases monotonically, reaches a maximum and then decreases mono-
tonically. The largest value is reached when £ is the largest integer < (n + 1)p.

Prove these claims.

Exercise 2.29 Let X ~ Binomial(n,p), that is, random variable X has a binomial

distribution with parameters n, p. Find the expectation and the variance of X.

Exercise 2.30 Find the expectation and the variance of the Poisson distribution with

parameter A

Exercise 2.31 Poisson distribution can be used to approximate a binomial random
variable. Show that both distributions have approximately equal expectation

and variance for the case when n is large and p is small so that np is moderate.

Exercise 2.32 Let X be arandom variable with expectation i and variance o2. Define
Y =(X —pu)/o. Find E(Y) and V(Y').

16
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Exercise 2.33 Let X, X, ..., X, berandom variables that are independent and with
the identical distribution (usually abbreviated, iid random variables). Assume
that £(X;) = pandletY;, = X;/(X; + Xo + ...+ X,,), fori = 1,2,...,n. Find
E(Y).

Exercise 2.34 For two random variable X and Y show that

(B(XY))? < B(X?)E(Y?).

Exercise 2.35 For random variables X and Y, define the correlation coefficient, pxy,

as

where 0% and o? are variances of X and Y, respectively. Show that

—1<pxy <1

Exercise 2.36 Let X and Y be random variables and Y = a X + b.
(a) Find the covariance of X and Y

(b) Find the correlation coefficient between X and Y.

Exercise 2.37 Let X, X,,..., X, be nrandom variables. Show that

Var (Xn: ClZXZ> = Zn: Zn: aianinCOV(Xi, XJ)
=1

i=1 j=1

Exercise 2.38 Let X denote a geometric random variable that counts the number of
Bernoulli trials until the first success occurs (note that the first successful trial
is included in the count). Then, P(X =n) = (1 —p)" " 'p,n =1,2,... where p is
the probability of success.

(a) Show that the success will eventually occur for any p > 0.

(b) Find the expectation and the variance of the geometric random variable.
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Exercise 2.39 Show that for any distribution p(x) with mean x and variance o>

7 = 3 atp(a) - i,

where D is the domain of the random variable X.

Exercise 2.40 Not all distributions have a finite mean or variance.

(a) Let a probability mass function p(x) be defined as p(x) = ¢/2?, v = +1,£2, .. ..

Show that the distribution has no well defined mean.

(b) Probability mass function is p(z) = 2¢/x?,z > 1. Prove that the mean is

infinite.

(c) Let p(z) = c¢/x®,x = +£1,42,.... Show that the mean is finite whereas the

variance is infinite.

Exercise 2.41 Recall the definition of variance, V(Y) = E((Y — E(X))?). Now, con-

sider the following defintion of conditional variance:
VY|X=2)=E(Y - EBEY|X =2))?*X =uz).

Prove that V(Y) = E(V(Y|X)) + V(E(Y|X)).

Exercise 2.42 Consider a radioactive source that emits particles which are detected

and counted by the Geiger counter. The number of particles that are emitted
in a given time interval is Poisson distributed with expected value \. It’s as-
sumed that each emitted particle is detected and recorded by the counter with
probability p, independently of the other particles. Let X denote the random
variable that counts the detected particles in a given time interval and let Y be

the number of undetected particles in the time interval.
(a) Find the probability mass functions of X and YV ?

(b) Are X and Y independent?

Exercise 2.43 Assume you are in a casino that is offering a new game which it adver-

tises as giving a player the fantastic chances of wins.

18
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The details of the gama are as follows. You may simultaneously roll one red die
and three blue dice. The stake is $1. If none of the blue dice matches the red die,
you lose your stake; otherwise, you get anyway paid k + 1 dollars if exactly k of
the blue dice match the red die. In the case that exactly one blue die matches
the red die, you get paid an additional 0.50 if the other two blue dice match.

(a) What is the expected payoff of the game?

(b) Would you like to play this game?

Exercise 2.44 Imagine that two players, A and B, are invited to playing the following
game of chance. The first player to win a total of ten games is the overall win-
ner. Assume that each of the two players has an even chance to win any given
game. Than, without any warning, the game is suddenly interrupted and must
be ended. This happens at a moment that the player A has won a games and
the player B has won b games with ¢ < 10 and b < 10. What is the probability
that the player A would have been the overall winner in a case the competition

continued interrupted?

Exercise 2.45 Assume that a player practices skills for a certain game. On a given
day, the player achieves scores taking values from the range 101 to 110. with
probability 0. 1, independent of other days. The player wants to improve his
score so he decides to play on three different days and to declare as a represen-
tative score the minimum X of the scores X, X,, X3, obtained on these three

different days.
(a) Find the probability mass function the of X.

(b) By how much has the player’s expected score improved after playing on three

days?

Exercise 2.46 Each day, a diligent policeman stops several traffic offenderas. On any
given day, the number of traffic offenders he stops can be any number from one
to six with even chance. The policeman makes his interventions independently
of what he has done in the previous days. Let X be the number of traffic offend-

ers the policeman stops in 10 days. Find the mean and the variance of X.
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Exercise 2.47 An office worker drives to work 5 days a week for a full year (50 weeks),
and get a traffic ticket with probability p = 0.02 on any specific day, indepen-
dently of other days. Let X be the total number of tickets that person gets in a
year.

(a) What is the probability that the number of tickets you get is exactly equal to
the expected value of X?

(b) Calculate the probability in (a) using a Poisson approximation.

(c) Any one of the tickets is $10 or $20 or $50 with respective probabilities
0.5,0.3, and 0.2, independently of other tickets. Find the mean and the vari-
ance of the amount of money the office worker pays in traffic tickets during the

year.

(d) Suppose that the probability, p, of getting a ticket is unknown, but the person
got 5 tickets during the year. Let the estimate of p be given by the sample mean
p=5/250 = 0.02.

What is the range of possible values of p assuming that the difference between
p and the sample mean p is within 5 times the standard deviation of the sample

mean?

Exercise 2.48 The joint probability mass function of (X,Y) is given by

k(2x+y) z=1,2;y=1,2

0 otherwise

pxy (7,y) = {

where £ is a constant.
(a) Find the value of £.
(b) Find the marginal pmf’s of X and Y.

(c) Are X and Y independent?

Exercise 2.49 Let the joint pmf of (X, Y) be specified as:

kx*y v=1,2,y=1,2,3

0 otherwise)

pxy(z,y) = {
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(a) What is the value of £?

(b) Find the marginal probability mass functions of X and Y.
(c) Are X and Y independent?

Exercise 2.50 Let X; + X, +---+ X,, be a sequence of random variables representing

the results of independent trials. All random variables have the same mean
and the same (finite) variance, that is, £(X;) = u, and V(X;) = o2, for all i =
1,2,...,n.Let S, = X; + X5 + --- + X,,. Then for any ¢ > 0,

Sn
limP(——y‘Ze>:O.
n—00 n

This is a simple version of the weak law of large numbers (WLLN).
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Exercises in Probability I
Exercise 3.1 Assumem that X is a continuous random variable whose probability
density function is given by f(z) = ¢(2z — z?) for 0 < z < 2, and zero otherwise.

(a) Find the value of c. (b) Find P(X > 1).

Exercise 3.2 The length of time in days that a machine functions before breaking
down is arandom variable with the density function given by f(z) = A exp(—x/100),

where x > 0, and is zero otherwise.

(a) What is the probability that the machine will function between 50 and 150

days without a problem.

(b) What is the probability that it will work well for less than 100 hours?
Exercise 3.3 Let f(x) be a density function of a random variable X, given by f(z) = 1

for 0 < x < 1 and zero otherwise. Find E(exp(X)).

Exercise 3.4 For a non-negative continuous random variable X, prove that

E(X)= /P(X > x)dx.

0
Exercise 3.5 For a non-negative continuous random variable X, with density func-
tion fy(x), and function g(z) > 0, prove that

o0

E(g(X)) = / o) fx (x)de

0

Exercise 3.6 Let X have uniform distribution defined on interval 0 < z < 1 and
define a new random variable, Y, as Y = a+ (b— a) X. Find the density function
of Y.

Exercise 3.7 Let random variable X have the exponential distribution with parame-
ter A\, where \ > 0. Then, its CDF is

F(z) =1—exp(Az),z > 0.
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This distribution arises in practice in cases of waiting time between unpredictable
events such as arrivals of airplanes, phone calls at a call-center, earthquakes,
emission of radioactive particles, visitors at a bar, etc. Its discrete analogue is
the geometric distribution.

(a) Considering a sequence of Bernoulli trials occuring at diminishingly small

epochs of time derive the continuous distribution of the first success.

(b) Find the expectation of X.

Exercise 3.8 Let X ~ Exp(—2\), that is, X is a random variable having the exponen-
tial distribution with parameter A. Find £(X) and V (X).

Exercise 3.9 Let X ~ N(0,1) and Y = ¢*. Find the density function of Y.

Exercise 3.10 2. Let X and Y be two independent random variables with the same

distribution and density functions F" and f, respectively.

(a) Prove that V' = max{X, Y} has distribution function P(V < z) = F(z)* and
density function fy(x) = 2f(z)F(z),z € R.

(b) Find the density function of U = min{ X, Y’}

Exercise 3.11 Let X be a continuous random variable with finite variance. Show that
the minimum of E(X — a)?) is achieved at a = F(X).

Exercise 3.12 Let X be a random variable with uniform density on [a,b]. Find its

mean and variance.

Exercise 3.13 Consider a continuous r.v. X with probability density function fx(z) =

0,z < 0. Show that for any a > 0
P(X >a) < EX/a.

This is Markov inequality.

Exercise 3.14 Let X be a continuous random variable with EX = pand Var(X) = o2.

Prove that, for any a > 0,

P(IX - | > a) < 0?/a’.
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This is known as the Chebyshev inequality.

Exercise 3.15 A random variable X has memoryless property if
P X <z+t X >t)P(X <x), z,t>0

Show that if X is non-negative and continuous and also memoryless, then X

must be an exponential random variable.

Exercise 3.16 Let X and Y be independent random variables with finite variances,
andlet U = X +Y and V = XY. What is the condition for U and V' to be
uncorrelated?

Exercise 3.17 Let X, : 1 < k < n be independent and identically distributed with fi-
nite variance, and define X = (3 X;)/n. Show that Cov(X, X, — X) = 0.
1

Exercise 3.18 A unit stick is broken uniformly at random and then the larger piece is
broken again uniformly at random. Show that the probability the three pieces

may be used to form a triangle is 2log 2 — 1.

Exercise 3.19 Consider a similar stick-breaking problem to the previous one in which
the stick is broken into three pieces at two randomly chosen points. Find the
probability that no piece is longer than half the length of the stick.

Exercise 3.20 Let X and Y be defined by X = cos©®, Y =sin©,
where © ~ Uniform(0, 27)

(a) Show that X and Y are uncorrelated.

(b) Show that X and Y are not independent.

Exercise 3.21 Let X and Y be continuous random variables. Show that

E(E(Y|X)) = E(Y), where the outer expextation is with respect to the distri-
bution of X.

Exercise 3.22 Show that if X and Y are independent random variables then
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Exercise 3.23 Let X and Y have the joint density f(z,y) = cxy, for0 < z <y < 1.
Find c.

Exercise 3.24 Let random variable X have a Pareto distribution with parameter 4,

and let fy be its probability density function

R (>
fX(t)_{o (t<1)

where k is some positive constant.
(a) Find the constant k.

(b) Find the d.f. Fk.

(c) Find px,ox

(d) Find P (| X — pux| < 1.50x).

(e) Use Chebyshev’s inequality to estimate P (|X — ux| < 1.50x).

Exercise 3.25 Prove that the following result for the total expectatation:

o0

B(X) = / E(X|Y = y)fr(y)dy.

— 00

Exercise 3.26 Assume that alight bulb has exponentially distributed lifetime Y. How-
ever, due to the variations in the manufacturing process the company has been
experiencing some quality control problems. On any given day, the parameter \
of the probability density function (PDF) of Y is actually a random variable, uni-
formly distributed in the interval [1, 1.5]. A light bulb is tested and its lifetime
recorded. What can be said about the underlying parameter \?

Exercise 3.27 Assume that we are interested in a detection of a transmitted binary
signal S. The signal is transmitted according to the following probabilities:
P(S=1)=pand P(S = —1) = 1 — p. The received signal is Y = N + S,where
N is normal noise, with zero mean and unit variance, independent of the signal
S.

What is the probability that S = 1, as a function of the observed value y of Y'?
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Exercise 3.28 Let X have the PDF

A Al
)

fx(z) = 5¢

where )\ > 0.

(a) Check whether fx(x) is a proper probability density function by verifying
that it satisfies the normalization condition.

(b) Find the mean and variance of X .
Exercise 3.29 A player throws darts at a circular target of radius r and is equally likely

to hit any point in the target . Let X be the distance of the player’s hit from the

center.
(a) Find the PDF, the mean, and the variance of X.
(b) The target h has an inner circle of radius t. I f X < ¢, the player gets a score

of S = 1/X, otherwise his score is S = 0. Find the CDF of S.

Exercise 3.30 Let the joint pdf of a bivariate r.v. (X, Y") be specified as

Elx+y) 0<z<20<y<?2

fxy(z,y) = {

0 otherwise

where £ is a constant.
(a) Find the value of £.
(b) Find the marginal PDF-s of X and Y.

(c) Are X and Y independent?

Exercise 3.31 The joint pdf of a bivariate r.v. (X, Y) is given by

e VeV x>0,y>0

0 otherwise

fxv(z,y) = { v

(a) Show that fxy (z,y) is a proper probability density function.

(b) Find P(X > 1| Y =y).
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Exercise 3.32 Sterling formula is

lim z! = V2nxexp(—z)z®.

r—>00

Prove the formula using the approximation of Poisson distribution by the Gaus-
sian distribution.

Exercise 3.33 Let Z ~ N(0,1) so that fz(z) = #exp(—%), where —co < z < oo,
andlet X = py+oZ.
(a) Find the PDF of X.
(b) Find the PDF of X°.
(c) Let ®(2) = \/LzTr [7_ e ¥/2dt. Express the probability P(a < X < b) in terms
of ®, where a and b are real constants.

(d) Let Y = aX + b where a and b are real constants. Express F(Y) and V(Y) in

terms of i, 0,a and b
(e) The moment generating function of a random variable T'is G (t) = e’’. Find
the mean and the variance of T'.

Exercise 3.34 Let random variable X have a standard normal distribution. Use first
principles to answer the following questions.
(a) What is the probability density of the random variable Y = X?2?

(b) The random variable X has a standard normal distribution. What is the prob-
ability density of the random variable Y = /X ?

10E — 16

Exercise 3.35 The random variable X has the probability density function f(z) =
(8/m)y/x(1l —x), for 0 < = < 1 and f(z) = 0 otherwise. What is the probability
density function of the random variable Y = 2X + 1?

Exercise 3.36 Show that a Poisson distribution can be approximated by a normal dis-

tribution.

Exercise 3.37 You bought a bulb which came from supplier A or B with probabili-
ties p4 and pp, respectively, with pl + p2 = 1. Supplier A, B manufacture the
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bulbs with exponentially distributed lifetimes with expected value 1/4,1/pup.
Assume that the bulb has already lasted s time units. What is the probability
that the bulb will last for another ¢ time units?

Exercise 3.38 Let the continuous random variables X and Y have the joint density
function f(z,y) = 6(z — y), for0 < y < = < 1 and f(z,y) = 0 otherwise. Find
the correlation coefficient of X andY .

Exercise 3.39 Let S, be a binomial random variable with parameters (n = 36,p =
0.5).

(a) Find the exact value of P(S, < 21);

(b) Calculate P(S, < 21) using the approximation based on the Central Limit

Theorem.

(c) Calculate the same probability using DeMoivre-Laplace approximation to

the binomial distribution.

Exercise 3.40 Let’s consider what can be learned about whether an event occurred
based on observations of a random variable. Recall the form of Bayes theo-
rem using events: P(A|B) = P(B|A)P(A)/P(B). Note that it is necessary that
P(B) > 0.

Now, assume that Y is a continuous random variable, and we observe Y =y. How
can we derive P(A|Y = y) when the probability of a continuous variable taking

a specific value is zero?

Exercise 3.41 Example 4.5. A linear Function of a Normal Random Variable is Nor-
mal. Suppose that X is a normal random variable with mean p and variance o2,

and let Y = aX + b, where a and b are scalars, with a # 0.

Exercise 3.42 Consider arriving at a bus stop at time ¢t = 0. Two buses A and B
are in operation. The arrival time X of bus A is a uniform random variable on
[0,%4], whereas the arrival time Y of bus B is a uniform random variable on [0, ¢ 5],

where ¢4 < tp. The arrival times, that is X and Y/, are independent.

What is the probability that the bus A arrives first?
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Exercise 3.43 Let X and Y have a joint density f(z,y) = 1/« for (z,y) € C, where C

is a circle with unit radius.
Are X and Y independent random variables?

Exercise 3.44 Consider independent standard normal random variables W, X, Y, Z.
Find P(W + X >Y + Z+1).

Exercise 3.45 The radius of a circle is uniformly distributed on (0, 1). What is the
probability density of the area of the circle?

Exercise 3.46 Use direct calculations to answer the following questions. (a) The ran-
dom variable X has a standard normal distribution. What is the probability den-
sity of the random variable Y = X??

(b) The random variable X has a standard normal distribution. What is the prob-
ability density of the random variable Y = /| X|?
Exercise 3.47 Let X andY have joint density f(z,y) = 1/x, for 2% + y? < 1.
(a) Find E(X? + Y?) and E(vV/X2 + Y?2);
(b) Find E(X AY);
(c) Find E(X?/(X?2+Y?)).

(d) Are X and Y independent?

Exercise 3.48 Let X and Y have joint density f(z,y) = 1/, for 22 +¢* < 1.
(a) Find EX, EY, and E(XY).
(b) Are X and Y independent? Are they correlated?

(c) Now, let U = | X|,and V = |Y|. Are U, V correlated? Are they independent?

Exercise 3.49 Let the random variables U and V' have joint density
flu,v) =€, for0<u<v<oo

Find (a) the marginals fy(u), fi(v) (b) the conditional densities fyy (v | v) and
fviv(v | u); (c) What is the density of Y =V — U?
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Exercise 3.50 Let X and Y be two independent exponential random variables with

parameters A and Y, respectively. Find P(X <Y).
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Exercises in Stochastic Processes

In the chapter on Stochastic Process we include more exercises on probability
gen-erating functions and moment generating functions as they are important and
use-ful devices for solving problems that involve finding properties of sums of
random variables. Using generating functions, for example, allows for working with
random number of summands in a sum of random variables. In general, it’s easier
to work with generating functions than to work directly with density functions. In
particular, generating functions are helpful in solving random walk problems where
methods of counting sample paths would not work — as the number of steps of the

random walk may not be given in advance and is a random variable itself.

Exercise4.1 Let {X;, X», ..., } be independent and identically distributed rv-s hav-
ing a common distribution p(x). Specify the sum Sy to have N summands,

where N is a random variable independent of X;-s: Sy = X; + Xo + ... + Xy.
(a) Using conditioning, find the expected value of Sy.

(b) Find the expectation of the sum using using generating functions.

Exercise 4.2 Let X be a Poisson random variable with parameter \.
(a) Find the moment generating function, My (t), of X.
(b) Using Mx(t) find the mean and variance of X.

Exercise 4.3 Let X be an exponential rv with parameter \. (a) Find the MG Fx (t); (b)
Using the MGF find the expectation and variance of X.

Exercise 4.4 State, giving reasons, which of the following matrices correspond to a

transition matrix of a Markov chain:

0.5 0.1 0.3
0.2 0.2 0.7
0.3 0.6 0.1
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2.
08 0 0.2
0.3 04 0.3
0.1 0.6 0.3
3.
04 0.3 0.3
0.1 0.8 0.1
4.

1/2 1/2 —1/2 1/2
o 0 1 0
1 0 0 0
~1/2 1/2 1/2 1/2

Exercise 4.5 We want to describe the weather in London using three states, (R) rainy,
(C) cloudy and (S) sunny. Furthermore (and quite unrealistically), assume that
the states last 24 hours and may change every morning. State of the weather
each morning is assumed to be governed by a Markov chain with the transition

matrix
R C S

R{06 02 0.2
P= Cl05 05 0
S\04 03 0.3

(a) If it is cloudy on Monday, what is the probability that it is raining for the
rest of the week, i.e. Tuesday through to Saturday?

(b) If Monday is sunny, what is the probability that it rains on Wednesday?

(c) Ifitisrains on Monday, what is the probability of a cloudy Tuesday?
If you are now told that it was sunny on Wednesday, how does this affect
the answer to the previous question?

Do these results contradict the Markov property?

(d) Solve the stationary equations to obtain the stationary probabilities and
hence determine the proportion of time the weather is in each of the three

states.
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(e) What is the expected number of days between two sunny days?

(f) What is the probability distribution for the length of a continuous period of
cloudy weather? What is the average length of this period?

Exercise 4.6 Let { X, },cn, be a Markov chain with the transition matrix

A B C
Af1/4 1/2 1/4
P=B| 0 1/3 2/3
c\1/3 1/3 1/3
(a) Classify all the states of the Markov chain.

(b) Find all stationary distributions. How many stationary distributions are
there?

(c) The chain starts from state A. What is the expected number of steps before
it returns to A?

(d) How many times, on average, does the chain visit state B between two con-
secutive visits to A?

(e) Each time the chain visits state A, the amount of $1 is added to an (ini-
tially empty) account, $2 for state B, and nothing for state C. Estimate the
amount of money in the account after 10, 000 transitions. Assume that the
law of large numbers for Markov chains provides an adequate approxima-
tion.

Exercise 4.7 Consider a discrete time branching process in which each particle pro-
duces a family in the next generation. The family sizes are independent ran-
dom variables, X;, identically distributed according to a distribution with the
probability generating function G'x(s). Suppose that Z, is the size of the nth
generation with G, (s) as its probability generating function, and that there is
initially exactly one particle. For the branching process described above, do the
following:

(a) Express the size, Z, ., of the (n + 1)th generation as the sum of Z,, terms
corresponding to the family sizes produced in the previous generation.

(b) Show thatforn =0,1,...

Gria(s) = Gn (Gx(5))
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(c) Hence, or otherwise, show that
EZui1) = nE|(Z,)

where 4 is the mean of the distribution of the family size, i.e. u = E[X].

(d) Recall that initially (in the Oth generation), there is only a single particle.
Show that
E[Z,] = p™.

Exercise 4.8 Assume that the offspring distribution (i.e. the distribution of family
sizes) from the previous problem is

2\"1

k

and do the following:

(a) Show, by induction, that

12" —2(1 2" Y)s

Gn(8) = T gmm — g1 — )5

(b) Calculate the mean of Z,,.
(c) Calculate the probability of extinction by the nth generation.
(d) Find the probability of ultimate extinction.

Exercise 4.9 Let P denote a Markov matrix. Show that P" is also a Markov matrix for
any positive integer n

Exercise 4.10 A professor of Probability Theory gives exams that can be difficult,
medium or easy. If an exam was difficult the next one will have an equal chance
to be either medium or easy. If the given exam is medium or easy, then there is
0.5 probability that the next test will be of equal difficulty and a 0.25 probability
for each of the other two levels of probability. Specify the transition matrix for
this Markov chain and find the steady state probabilities.

Exercise 4.11 Let a Markov chain have two states and the following transition prob-
ability matrix
01
P=[1 0]

(a) Find the stationary distribution of the chain.
(b) Find the limiting distribution, lim,,_,, P".

Exercise 4.12 Show that in a finite state Markov chain not all states can be transient.
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Exercise 4.13 Let P beatransition probability matrix representing a two-state Markov
chain:

b 1-0b
(a) Show that the n -step transition probability matrix P" is given by

| R e )

(b) Find P" when n — ~c.

P:[l_“ “} where 0 < a < 1,0 < b < 1.

Exercise 4.14 5.47. Consider a Markov chain with two states and transition proba-
bility matrix
P11

(a) Find the stationary distribution p of the chain.
(b) Find lim,,_,.. P".
(c) Find lim,,_., P" by first evaluating P".

DO = | 0o
DN [ [ =

Exercise 4.15 Let T, denote the time of the n th event of a Poisson process X (¢) with
rate \. Suppose that one event has occurred in the interval (0, ¢). Show that the
conditional distribution of arrival time 77 is uniform over (0, ¢)

Exercise 4.16 Consider a Poisson process X (¢) with rate A\. Show that the time in-
tervals between successive events (or interarrival times) in this process are iid
exponential r.v.’s with parameter .

Exercise 4.17 Prove that if the number of states is n, and if state j is accessible from
state 4, then it is accessible in n or fewer steps
Exercise 4.18 Recal the following definition and conventions.
For any states i and j define f}; to be the probability that, starting in 4, the first
transition into j occurs at time n Formally,
2 =0
fr=P{X,=jXp £ k=1 n-1]X,=i}

Let -
fo=2_ 1
n=1

Then f;; denotes the probability of ever making a transition into state j, given
that the process starts in i. (Note that for i # j, f;; is positive if, and only if,
j is accessible from . State j is said to be recurrent if f;; = 1, and transient
otherwise.

38



Exercises in Stochastic Processes

Show that

n
n __ k pn—k
Pij - E ijPij
k=0

Exercise 4.19 A particle moves among n locations that are arranged in a circle (with
the neighbors of location n beingn—1and 1). At each step, it moves one position
either in the clockwise position with probability p or in the counterclockwise
position with probability 1 — p Find the transition probabilities of the reverse
chain.

Exercise 4.20 If f;; < 1and f;; < 1, showthat: Y~ P < cc.
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Solutions to Exercises in Probability |

Solution 1.1 (a) To prove independence of A and B¢ we need to show that P(A, B¢) =
P(A)P(B¢). Note that P(A, B) = P(A and B) is the same as P(AN B).

Now, P(AN B¢) = P(A\ (AN B)) = P(A)— P(ANnB) = P(A) — P(A)P(B) =
P(A)(1 — P(B)) = P(A)P(B°). Drawing a simple Venn diagram would clarify
the first equality.

(b) Having proved that A and B¢ are independent, we use the same steps to prove
that A¢ and B¢ are independent.

P(A°N B¢) = P(A°\ (AN B) = P(A°) — P(A"B) = P(A°) — P(A°)P(B) =
P(A°)P(B°).

Solution 1.2 Ingeneral, P(AUB) = P(A)+ P(B)— P(AN B). For mutually exclusive
events P(AUB) = P(A)+ P(B),and also P(AN B) = P(A)P(B) = 0, implying
that P(A) or P(B) is zero.

Note: Only dependent events can be mutually exclusive (assuming strictly pos-

itive probability of each event).

Solution 1.3 The sampling space F can be taken to be the set of all the subsets of
outcomes (2, with the probability of any member of F equal to the sum of prob-

abilities of the elements of the member subset.

(@) Q = {H,TY = {HHH,HHT ,HTH, HTT,THH, THT,TTH,TTT} , the
set of triples of heads and tails. Assuming independence, the probability of n
heads in any triple is p"(1 — p)>~™, wher p is the probability of a head at each
throw.

(b) Here, Q@ = {R,B}’ = {RR,RB,BR,BB}. Probabilities of drawing two
balls without replacement are: P(RR) = P(BB) = (2/4)(1/3), and P(RB) =
P(BR) = (2/4)(1/3).

Solution 1.4 P(B|A) = P(Band A)/P(A) = P(BNA)/P(A) = PLAB) D)

P(A|B)P(B)+P(A|B¢)P(B¢)’
where we used the Law of Total Probability in the last step.

Solution 1.5 P(AUB) = P((ANB°)U(ANB)U(BNA))
=P(ANB°)+P(ANB)+ (BN A%
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Now, P(A) = P(AN B°) + P(AN B) and P(B) = P(BN A°) + P(BN C), and
thus P(AUB) = P(A)+ P(B) — P(AN B)

Solution 1.6 Probability that no head turns up is

P(no heads ever) = lim P(no heads in first n tosses) = lim 27" = 0.

n—oo n—oo

Thus, the probability that a head will turn up eventually is 1— P(no heads ever) =
0.

Solution 1.7 Let B = (J;_, A;. Then,

n

P(JA) =P(B) =) P) (1)

i=1 weB

Likewise,
Y PA)=>") Pw) (2)
=1 i=1 weA;

Note that each w from B appears in (1) exactly once, whereas it appears at least

once in (2). Therefore, (1) is less or at most equal to (2).

Solution 1.8 Using De Morgan laws:

P(AUBUC) = P((A°NB°NC°°) =1— P(A°N B°N C*) , which is by the
multiplication rule equal to 1 — P(A¢|B° N C°)P(B¢|C)P(C°).

Solution 1.9 (a) P(A|B) = P(f) = 0; (b) P(AIB) = P(A)/P(B); (c) P(AB) = 1.

Solution 1.10 P(AUB) = P(A) + P(B) — P(AnN B). Thus,
P(ANB) = P(A)+P(B)—P(AUB) > P(A)+P(B)—1=0.43+0.87—1 = 0.30.

Solution 1.11 The probability of the sequence "red, red, black, black" (in the given
order) is P = (5/12)(6/13)(7/14)(8/15).

Solution 1.12 There are six pairs with sumequal 7, (1, 6), (6, 1), (2, 5), (5,2), (3,4), (4, 3).
Likewise, there are two pairs with the sum equal 3. Therefore, probability of ob-

serving S = 7 before observing S = 3is 6/(6 + 2).
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Solution 1.13 Let A be the event that at least one six shows in four rolls of a single
die. Then, A° denotes the event that no sixes turned up. Thus, P(A) = 1 —
P(A°) = 1 — (5/6)* ~ 0.518 Likewise, let B denote the event that at least a
double six shows up in twenty four rolls of two dice. Then, B¢ is the event that
no double sixes show up. Thus, P(A) = 1 — P(A°) = 1 — (35/36)** ~ 0.491,
meaning that the first gamble is to be preferred.

This is de Méré’s problem. Chevalier de Méré (1607-1684) posed the above
problem to Blaise Pascal who gave the correct answer. Further communication
between Pascal and Pierre de Fermat paved the way for probability theory to

emerge as a new mathematical branch and academic discipline.

Solution 1.14 If the events A and B are mutually exclusive, then P(AUB) = P(A) +

P(B). Therefore, the given probabilities are incorrect as their sum is > 1.

Solution 1.15 (a) 1/(});
®) 7))/ (§);
(c) add the values from (a) and (b) to (3) (¥)/(%)-

Solution 1.16 (a) (6 x 8 x 8 x 6)/(%);
®) (5) )/ (%)
© (9)/ ()
Solution 1.17 The proportion of loans defaulting in a year is 0.8 x 0.05 + 0.2 x 0.8 =

12%. Let D denote default and B denote the bad loan. We need to find P(B|D).

Using Bayes Theorem,

B P(D|B)P(B) B 0.4 x0.2 2
P(B|D) = P(D|B)P(B) + P(D|B°)P(B°) 04x02+005x08 3

Solution 1.18 Let H be the event that the flipped coin shows a head, and D that the
coin is double headed. Note that the sample space, €2,consists of the sides of the
coins (obverse and revers), where is |(2| = 6. Then, P(H) = 3/6 = 1/2, whereas
P(HN D) =1/3. From here, P(D|H) = P(HND)/P(H) = (1/3)/(1/2) = 2/3.
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A naive (and wrong) argument would be as follows: When the flipped coin shows
a head, it’s obvipusly either regular or double-headed. Since the coin was picked
at random it means that the probability of it being regular is equal to that of
being double headed, hence P(D|H) = 1/2.

Solution 1.19 Let p; be the probability of A’s winning conditioned on the event that
he plays first, and p, when A plays second. Then, p; = a + (1 — a)ps and p; =
(1 — b)p:. Solving the two equations yields

P aoy) M T I a0

Solution 1.20 Pairwise probabilities are:

P(ANB) = P(1) = 1/4 = P(A)P(B)

(1/2)(1/2);
(1/2)(1/);
P(BNC) = P(3) = 1/4;= P(B)P(C) = (1/2)(1/2).

PQ
P(ANC) = P(2) = 1/4;= P(A)P(C)

Therefore, A, B, C are pairwise independent. However, the joint probabilty P(AN
BnC) = P(0) = 0, which differs from P(A)P(B)P(C) = 1/8 meaning that
A, B, C are not jointly independent. In other words, pairwise independence does

not imply joint independence.

Note: The textbooks define mutual independence of n events to hold for any
subset of £ < n events, where k = 2, 3, ..., n. Thus, so defined mutual indepen-

dence implies pairwise independence, but the reverse is not true.

Solution 1.21 According to tennis rules, when at deuce, a player (say, Bob) wins as

soon as he has won two more points in total than his opponent. Note that
Bob can win only after an even number (2n + 2) of points have been played.
Bob wins n + 2 while Mike wins n. Let B,,,, denote the event that Bob wins
af the point 2n + 2. Note that if the win is achieved at point 2n + 2 it means
that there have been n deuces. At each of n deuces there are two ways to
proceed through the game - either Bob wins a point, gaining the advanatge,
and then loses the next point, or Mike wins a point and then loses one. Then,
at the last deuce, Bob wins two points and thus the game.Therefore, there are 2"
outcomes in the event
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Bs,, 2. Note that the last two plays are known as just two Bob’s wins, so they do
not contribute to the number of outcomes. However, the two last wins affect
the probability of each outcome, which is p"™2(1 — p)". Adding probabilities of
each outcome we get the probability B,, ., that Bob will win the game after n

deuces:
P(Bapi2) = 2"p" (1 — p)”

It’s important to note that starting from a deuce, after an even number of steps
(points played) the game is either won or it’s a deuce again. After an odd number

of steps either player has the advantage.

Therefore, denoting by P(B,,) the probability that Bob wins the game at the

point 2n, we obtain the overall probability of Bob’s win as:

Pg = P(By)+ P(By)+ P(Bg) + ...
= P+ -p)+2%p'(L-p)*+ ..
= p’(1+2p(1 —p) + (2p(1 = p))* +...) =p*/(1 = 2p(1 — p))
Solution 1.22 Probability that all three coins show the same side is P(all same) =
P(HHH)+ P(TTT) =1/8 +1/8 = 1/4. This is the correct answer.
So, what’s wrong with the reasoning given in the problem?

The problem is with confusing two sample spaces. Initial sample space does
not identify the third coin, it’s determined by two others that are flipped. The

chance that the third coin is a head or tail is a conditional probability.

Let A denote the event that there are at leas two heads. Then, P(third coin is H|A) =
1/4, P(third coin is T'|A) = 3/4. Likewise, let B denote the event that there are
at least two tails. Then, P(third coin is T'|B) = 1/4, P(third coinis H|B) = 3/4.
As we see, in neither case is the chance even that the third coin is a head or a

tail. This problem is known as Galton’s paradox (1894).

Solution 1.23 This is the reasoning of Lewis Carroll (who of course, knew the correct
answer, but made this up as a joke). Assume that the colors are equally likely.
Then,

P(BB) = P(WW) = 1/4, P(BW) = 1/2.
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Carroll proposes to add a black marble to the box, shake it, and randomly pick
a marble. What is now the probability of the marble being black?

Since now we have possible triplets (BBB), (BBW), (BWW), by conditioning
on these three cases we have

P(B) =1xP(BBB)+2/3x P(BBW)+1/3xP(BWW) = (1)(1/4)+(2/3)(1/2)+
(1/3)(1/2) = 2/3.
However, since the probability of drawing a black marble is 2/3, then there must

be two black and one white marble in the box. In other words, before adding the

black marble, the box must have contained one black and one white marble!

This obviously can’t be right and it’s not, because in these two experiments there
are two different sample spaces. It’s incorrect to use the probabilities assigned
to pairs of marbles from the first sample space (based on the box containing two
marbles) when calculating unconditional probability of drawing a black marble

from the box with three marbles.

Solution 1.24 This is the Bertrand’s box paradox. The reasoning given in the text
of the problem is incorrect because it mixes up unconditional probability of a
marble being black or white with the conditional probability when the box is

randomly picked. The correct answer is:

P(B|b) = P(W|w) = 2/3, where B denotes the event that both marbles are
black, W that both are white, whereas b, w denote a single observed marble, ei-
ther black or white, once the box is selected.In order to compute the answer we

use Bayes Theorem:
P(Blb) = P(B)P(b|B)/P(b) = (1/3)(1)/((1/3)(1) + (1/3)(1/2) + (1/3)(0)) = 2/3.

Solution 1.25 One can reason that the second child is a boy or a girl with an equal

chance, that is, that the probability of both being boys is 0.5.

However, this is wrong. It is indeed true that a probability of a child being a
boy is 0.5, but what’s asked for is the conditional probability that both children
are boys given that we know that one is. In other words, we need to find the
conditional probability that the other child is a boy given that we know that one

is a boy.

47



Introduction to Probability and Stochastic Processes

Let B denote the event that both children are boys and A the event that at least

one is a boy. Then,

P(BJA) = P(BN A)/P(A) = P(B)/P(A) = P({b,0})/P({b,g},{g, 0}, {b,b}) =
(1/4)/(3/4) = 1/3.

Note that the notation {b, g} means, for example, that the older child is a boy

and the younger is a girl.

Solution 1.26 (a) Note that any coin has an equal chance to be the one picked by
the owner regardless of the fact that five had been stolen. This means that the
probability is 5/20 = 1/4.

(b) Let’s assume that one coin is first removed and then the thief steals five coins.
This does not change the probabilities of interest. Let C denote the event that
the removed coin was counterfit and let E denote the event that the thief stole at
least one counterfit coin. Thus P(E|C) is the probability that the thief stole at
least one counterfit coin given that the removed coin was counterfit. Likewise,

P(Ec|C) is the probability that all the stolen coins were counterfit.

Then, P(E|C) = 1—P(E<|C) = 1—(15/19)(14/18)(13/17)(12/16)(11/15) ~ 0.742.

Solution 1.27 The event that exactly one of A or B occurs corresponds to the sym-
metric difference of two events. Thus, P(AAB) = P(AUB) — P(ANB) =
P(A) 4+ P(B) —2P(AN B)

Solution 1.28 A “solution”: The total number of possible selections of three cards
from a deck of 52 is (532). The first card can’t be a spade, so the number of choices
at step one is 49. After we remove the first card, there are 3 x 13 — 1 = 38 non-
spade cards left. After removing the second card, there are 37 non-spade cards
left. Thus the probability is (39 x 38 x 37)/(%).

The problem is that there is a double counting in the numerator. For example,
2 of clubs, 3 of diamonds and 4 of clubs should not be distinguished from 3 of

diamonds, 4 of clubs and 2 of clubs. We counted one favorable event six times!

The correct answer is (39 x 38 x 37)/3!(%) = (%) /().
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Solution 1.29 Let A; be the event that the vertex ¢ of the cube is black, where i =
1,...,8. Then, P(A;) = 0.1. The probability that that at least one vertex is black
is P(US_, A;) < 3% P(A;) = 0.8. Thus, there is a probability of at least 0.2 that
the cube will have only red vertices.

Solution 1.30 Let P(+|D) = 0.95 be the test sensitivity, that is, the probability of the
test being positive when the disease is present. Let P(—|D¢) = 0.98 be the test
specificity, that is, the probability of the test being negative when the disease is
not present. Let P(D) = 0.01 be the prevalence of the disease, that is, the frac-
tion of population having the disease (then the fraction of healthy population
is P(D¢) = 0.99).

Applying Bayes theorem:
o P(+|D)P(D) _ P(+|D)P(D)
~ P(+|D)P(D) + P(+|D°)P(D?) ~ P(+|D)P(D) + (1 — P(~|D<))P(D)
P(D|+) = 0.95 x 0.01 _ 0324

©0.95 x 0.01 4+ 0.02 x 0.99

Solution 1.31 (a) Let A denote the event that flowers are well and alive when Alice
gets back and let W be the event that Bob waters flowers. Then, by the law
of total probability, P(A) = P(A|W)P(W) + P(A|W¢)P(W¢) = (0.85)(0.9) +
(0.2)(0.1) = 0.785.

(b) Probability that Bob didn’t water the flowers once Alice finds them withered

away is: P(W¢|A¢) = P(A°|We)P(W*)/P(A°) = (0.80)(0.1)/(0.215) ~ 0.372.

Solution 1.32 Let A denote the event that the outcome of the first trial is larger, B
that the outcome is larger in the second trial, and £ that the outcomes are equal
in both trials. Obviosly, P(A) + P(B) + P(E) = 1. By symmetry, P(A) = P(B)

so the answer is

P(A)=P(B)=(1—P(E))/2=(1—219?)/2 (1)
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Here is an alternative way to solve the problem.

P(B) = > > P(outcomes of the first and second trials are i, j, respectively)

i=1j>i

= Y Zj>i Dip;

The above expression for P(B) is the same as (1) as shown below:

1 = 21% lej =22, bip;
1= J=
= Zz p? + Zz Zj;éi pip; = ZZ pz? +2 ZZ Zj>i pip;

Solution 1.33 Assuming that the results of roulette spins are independent events,
the conditional probability of the next outcome is unchanged by the previous
spins, for example, that 10 spins landed on black. Mr. Smart Alek will have no
advantage with his system over placing his bets on red without any knowledge
of the previous results. The only advantage may be that Mr. Smart Alek will
have to wait decent amount of time between any 10 consecutive black results,

and thus loose less money than otherwise.

Solution 1.34 (a) Consider flipping of two fair coins and let A denote the event that
the first coin shows H, B the event that the second coin shows A and C the event
that both coins show the same side. Then A and B are independent, however,

they are not independent given C.

(b) Now, roll two dice and let A denote the event that the smaller score is 3, B
the event that the larger is 6, and let C be the event that the smaller score is no
more than 3, and the larger is 4 or more. Then A and B are not independent, yet

they are conditionally independent.
(c) The cases are equivalent if P(C') = 1.
Solution 1.35 Let H denote the event that coin lands heads, T4 that Bob is told the

coin landed heads, F' the event that Alice forgets the results, and C that Bob got
the correct information.

(a) Using the Law ot Total Probability,
P(Ty) = P(Ty|F)P(F) + P(Ty|F¢)P(F°) = 0.5 x 0.4 + P(H)(0.6) = 0.68.
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(b) Likewise, P(C') = P(C|F)P(F)+ P(C|F°)P(F°) =0.5x 0441 x 0.6 =0.8.
(c) Also, P(H|Ty) = P(HNTyg)/P(Ty), and using the Law of Total Probability

again,

P(HNTy) = P(HNTy|F)P(F)+ P(HNTy|F°)P(F°)
= P(H|F)P(H|Ty N F)P(F) + P(H)P(F°)
= 08x05x04+0.8x0.6=0.64

Thus, P(H|Ty) = P(H N Ty)/P(Ty) = 0.64/0.68 ~ 0.941.

Solution 1.36 (a) Note that the probability that all red marbles are removed before
the blue ones is the same as the probability that the last marble is blue. Each of
30 marbles has the same probability of being the last in the box, which means
that the probability that such a marble is blue is 10/30.

(b) Note that now only the green marbles remain, so that we look for the prob-
ability that the last of red or blue marbles (30 of them) is actually blue. So the

desired probability that all red marbles be removed before the blue ones is again
10/30.

(c) Let By, Ry, G5 denote, respectively, the events that the all blue marbles are
removed first, all red marbles are removed second and the last eight remaining

marbles are green. Then, by Multiplication Rule,
P(B1, Ry, G3) = P(G3)P(R|G3)P(B1|Ry N G3) = (8/38)(20/30)(1) = 8/57.
Here, P(G3) = 8/38, as it is the probability that the very last marble is green;

P(R»|G5) = 20/30, as it is the probability that out of red or blue marbles it is the
red marble which is removed before the last marble which is green. Since there
are 20 red marbles and 10 blue, this probability is 20/30.

The probability P(B;|R, N G3) is obviously 1.

Solution 1.37 Let B denote the event that both cards are aces.
(a) Let A denote the event that one card is ace of spades. Then,

P(BJA) = P(BNA)/P(A) = (3/(3))/(51/(3)) = 3/51
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(b) P(B] the first card is an ace) = 3/51, as the second card can be any of the

remaining 51, with three aces being favorable outcomes.

(c) There is no difference whether the first or the second card is an ace, so the
probability is the same as in (b). We can arrive at the same result by working
outthe details without reference to (b). First, let A denote the event that the
second card is an ace, and C denote the event that the first card is not an ace

but the second is. Then, we have,

P(B|A) P(BNA)/P(A) = P(B)/P(A)

= P(B)/(P(B)+ P(C))
(4/52)(3/51)

((4/52)(3/51)+(48/52)(4/51)

(d) Let A denote that at least one of the two cards is an ace. Note that P(A) =
1 — (48/52)(47/51). Then, P(B|A) = P(B)/P(A) = 1/33.

Solution 1.38 Let A be the event that the drug is successful and B be the event that
no side effects arise. Then, P(A|B N D) = 99/100; P(B|D) = 95/100; P(A|B° N
D) =30/100; and P(B¢|D) = 5/100.

Then, P(A|D) = P(A|B N D) x P(B|D) + P(A|B°N D) x P(B¢|D) ~ 0.95.

Solution 1.39 Let A denote the event that the answer is correct and K that the stu-
dent knew the answer. We need to compute P(K|A). We’ll Bayes theorem and

hence have to determine unconditional probability of correct answer: P(A) =
P(A|K)P(K)+P(A|K)P(K°) = (1)p+(1/n)(1—p). Hence, P (K|A) =
P(A|K)P(K)/P(A) = np/((n — 1)p + 1).

It’s worth noting that for larger n, the student is more likely that he answered

correctly based on his knowledge. This justifies giving multi-ple choice tests.

Solution 1.40 Let’s first work with an increasing sequence of events { A,,,n» > 1} such
that A, c A, C ... C A,, C .... Define the events B,, so that B; = A; and

n—1
B,=A,n(|JA) =404,

i=1

Note that B, consists of all points in A, which are not in any of the previous
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A;,i < n. Events B; are mutually exclusive (why?) so that U, B; = U, A; and
U, B; = U, A; foralln > 1. Now,

P(lim 4;) = P(zfjl A) = P(U) B) =3 P(B)

=00 i=1 i

— lim > P(B) = lim P()B;) = lim P(B,) = lim P(A,)

Similarly for a decreasing sequence.

Solution 1.41 Assume that the 56 apartments are numbered as 1, 2, . . ., 56. Take as
sample space the set of all unordered pairs i, j of two distinct numbers from 1,

2, ..., 56, where each pair corresponds to two vacant apartments. The sample

52
2

which there is one apartment vacant on the top floor is (°) () = 384 and the

space has ( ) = 1,540 equally likely elements. The number of elements for
number of elements for which there are two apartments vacant on the top floor
is (5) = 28 Hence the desired probability is (384 + 28)/1, 540 = 0.2675.

An alternative solution can be based on considering an ordered sample space.
Take as ordered sample the set of all 56! permutations of the apartments in the
building, where the first two elements in the permutation refer to the vacant
apartments. The number of permutations with no vacancy on the top floor is
48 x 47 x 54!. Hence the probability that there is no vacancy on the top floor is
48x47x54! 56! =(0.7325, that is, the probability of finding an appartment on the
top flor is 0.2675. It seems that you’ll not be checking that building given that
the probability is less than 50%.

Third way to solve the problem is using conditional probabilities. Let E; be the
event that the first vacancy is not on the top floor and F, be the event that the
second vacancy is not on the top floor. The desired probability is 1 — P(E}|E,) =
1 — P(E,)P(Ey|E,), which is equal to 1 — (48/56) x (47/55) = 0.2675.

Solution 1.42 (a) A same sample space can be used to answer both questions. Spec-

ify an ordered sample space whose outcomes are given by all possible 5-tuples
(41,19, ..., i5), where ik is the exit floor for person k for £ = 1,...,5. The sample
space has 105 outcomes. Let us first consider the case that the floors are equally
likely to be chosen as exit floor. Then the probability 1/10° is assigned to each
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element of the sample outcomes. The number of outcomes for which the five
persons are all going to different floors is 10292827x6. Hence the probability
that they are all going to different floors is 10 x 9 x 8 x 7 x 6/10° = 0.3024.

(b) For the case that the 10 floors are not equally likely to be chosen as the exit
floor, let each outcome (i1, is, i3, i4, i5) have exactly k& of the components that are
equal to 10. Then the probability (1/2)*(1/18)5~* is assigned to each outcome

each outcome (iy, iy, i3, 4, i5).

The number of outcomes for which the five persons are all going to different
floors and floor 10 is not chosen as the exit floorisequal to 9 x 8 x 7 x 6 x 5 =
15, 120, while the number of outcomes for which the five persons are all going to
different floors and exactly one person chooses floor 10 as the exit floor is equal
to (?) x 9 x 8 x 7 x 6 = 15,120. Then the probability that the persons are all

going to different floors is

1 1,1
15,120 x (1—8)5 +15.120 x §(E)4 = 0.080.

Solution 1.43 The sample space of this experiment is the set {(z,y) : 0 < z,y < 1}.
The probability P(A) assigned to each subset A of the unit square is the area of
the set A. For fixed a with 0 < a < 2, let A be the subset of points (z,y) in the
unit square that satisfy = + y < a. It helps to draw a picture in order to note
that the area of the set A is given by a?/2 for0 <« < 1and by 1 — (2 — a)?/2 for
(la < 2). Based on the symmetry argument, it is clear that the probability of a
Manhattan distance of no more than « is also equal to a?/2 for 0 < a < 1 and by
1—(2—a)?/2for(1 <a<?2).

Solution 1.44 Let A, be the event of the deadly shot occurring at the i th trial. Then
P(4;) = (%)171% fori = 1,2,.... The events A; are mutually exclusive. The

probability that player A will shoot himself dead is

> 1S 5\ 1/6
P <kUO A1+3k> =5 > <6> =TG- 0.3956

k=0
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The probability that desperado B will shoot himself dead is

o0 1 /5N Bk pN Bk
P A = - - ==X = — = (5/6) x 0.3956 = 0.3297
kL:JO 2+3k 6Z<6> 6X6Z(6) (5/6) x

k=0 k=0

The probability that desperado C will shoot himself dead is

> I 5\ 1 5. & /5\*
_ _ 2 _ 2 .
P (HA%%) =5 (g) = X7 (6) = (5/6)%0.3956 = 0.2747

k=0 k=0

Solution 1.45 Let p; be the probability that the first ace appears at the kth card. In-

voking the multiplication probability rule,
it follows that p; = 4/52, p2 = (48/52) x (4/51), and

48 — k +2 4

P = (48/52) x (47/51) X ... X e s X oo

k=3,...,49

Thus, the three players do not have the same chance to become the dealer.
ForX = (A, B, and C), let Px be the probability that player X becomes the
dealer. Then P, > Py > P, because the probability p,, is decreasing in k. The
probabilities can be calculated as Py = 37,°  prysx = 0.36, Pa = S0 Prosk =
0.3328, Py = 332 Prisk = 0.3072.

Solution 1.46 Bayes rule in odds form:“Posterior odds = Prior odds X Likelihood ratio”.

Using little algebra, this can be expressed as

P(H|E) _ P(H) = P(E|H)

P(H|E) — P(H®)  P(E|H°)

where H is a hypothesis, H¢isits complement, F'is evidence (data), P(H)/P(H°)
are prior odds, P(H|E)/P(H°¢|E) are posterior odds, and P(D|H) is the likeli-
hood under hypothesis H.

Now, let the hypothesis H be the event that oil is present in the test area and
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the evidence FE be the event that the test gives a positive signal. This implies

P(H|E)/P(H?|E) = P(H)/P(H®) x P(E|H)/P(E|H°)
= (0.4/0.6) x (0.9/0.15) = 4.0.

Thus, the odds of finding oil are four times larger after test comes out positive.
The correcponding posterior probability is 80%.

Solution 1.47 (a) Let the hypothesis H denote the event that both numbers are even
and the evidence E denote the event that there is an even number among the

two numbers. Then the posterior odds ratio is

P(H|E)/P(H|E) = P(H)/P(H) x P(H|E)/P(H|E)
= (25/100)/(75/100) x (1/(50/100)) = 2/3.

Odds 2/3 correspond to the probability of 2/(2 + 3) = 0.4.

(b) Now, let the hypothesis H be the event that both numbers are even and the
evidence E be the event that there the number two is among the two numbers.
Then,

P(H|E)/P(H'|E) = P(H)/P(H®) x P(H|E)/P(H*|E)
= (25/100)/(75/100) x (9/19)/(10/100) = 30/19.

The odds 30/19 correspond to the probability of 30/49.

Solution 1.48 (a) Consider an ordered sample space with outcomes including all pos-
sible 5! orderings of the five people, where the first two people in the ordering
get rum from the waiter and the other three get vodka. The number of possible
orderings in which the first two people have ordered rum and the other peo-
ple have ordered vodka is 2! x 3!. Hence the desired probability is (2!x3!/)5! =
0.1. Alternatively, we can take an unordered sample space whose outcomes are
given by all possible choices of two people from the five people, where these two
people get rum. This leads to the same probability of 1/(}) = 0.1.

(b) In order to use conditional probabilities, let’s assume that the first two drinks

served are glasses of rum, and let A; be the event that the first rum is given to a
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person having ordered rum and A, be the event that the second rum is also given
correctly, to the other person who ordered rum. Then, the probability that the
rum was served correctly is P(A;UAs) = P(A; A,) and it can be can be evaluated
as P(A1Ay) = P(A)P(As]Ar) = (2/5)(1/4) = 0.1

Solution 1.49 Given that P(A|B) > P(A), we have P(AU B)/P(B) > P(A) and thus
P(AUB) > P(A)P(B)
However, P(AU B) = P(BJA)P(A). Since P(AU B) > P(A)P(B) we have that
P(BJA)P(A) > P(A)P(B), so P(B|A) > P(B).
There fore if event A is “informative” about event B in the sense that the con-

ditional probability P(A|B) increases over P(A) then the reverse is also true -

event B is “informative” about event A.

Solution 1.50 Note that

Ay ={(3,6),(4,5),(6,3),(5,4)}
Ay ={(1,1),(1,2),...,(1,6),(2.1),(2,2),...,(2,6),(3,1),(3,2),...,(3,6))}
A3 = {(173)7(273)7 7(673)7<1a4>7(274)7 ) 74)7(176)7(2a6)" » \My }

Thus, P(A;) =4/36 = 1/9, P(Ay) = P(A3) = 18/36 = 1/2.
Moreover, P(A; U A; U A3) = P(X =3,Y =6) = P({(3,6)}) = 1/36.

Now, P(A;)P(A2)P(As3)(1/9)(1/2)(1/2) = (1/36) = P(A; U Ay U A3), implying
that the events A, A,, Az are jointly independent.

Checking the pairwise independence we see that

whereas P(A;)P(As) = 1/4. Therefore the events A;, A, A3 are not pairwise
independent and therefore they are not (fully) mutually independent (or, we

just say they are not independent).
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Solutions to Exercises in Probability Il

Solution 2.1 Let X denote the largest number among the three selected balls, that
is, X is a random variable with values in {3,4,...,20}. Also, assume that any
triplet of randomly selected balls is equally likely. Obviously, there are ( ) such

P(X =i) = (Z ; 1)/(230), i=3,..,20

The above equality follows because the event { X = i} corresponds to the num-

triplets. Then,

ber of selections containing ball 7 and the number of selections of two other

balls being numbered from 1 toi — 1.

The relevant probabilities are: P(X = 20) = (3)/(%) = 0.15, P(X = 19) ~

0.134, P(X = 18) ~ 0.119, and P(X = 17) ~ 0.105.

The event { X > 17} is the union of disjoint events { X = i}, where: = 27,28, 29, 20
so its overall probability is the sum of individual probabilities. Hence, the prob-
ability of winning the bet is P(X > 17) = 0.508.

Solution 2.2 First we need to compute the normalizing constant k in order to ensure
that > P(X = n) = 1. Thus, k>  \*/n! = 1, yileding k¥ = exp(—\) since
n=0 n=0

i A" /n! = exp()\). From here,
n=0
(@) P(X = 0) = exp(—A);

B)P(X>0)=1—P(X<2) =1-P(X=0)—P(X =1)— P(X =2)
=1—exp(—=A) — dexp(—\) — A exp(—N\)/2.

Solution 2.3

P(X+Y =n) = Zn:P(X:n—k:,Y:k):Zn:P(X:n—k:)P(Y:k:)

- xp(—A) exp(— X n n—
= 2 e(r}ik)!)epli! 4 — epC Z ( ))‘ G

k=0 k=0
- M(Ajwb)n'

n!

The last step follows from applying the binomial theorem to the summation.
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The last expression is the probability mass function of the Poisson random vari-

able with parameter A\ + p.

Solution 2.4

P X=z,Y=y) = PX=2z,Y=yN=x+y)P(N=x+y)
= ()P AT exp(=N)/(z +y)!

x

= (Ap)*(Ap)Y exp(—=A)/(z!y!)).

An analogous result holds for Y so that the independence between X and Y
follows immediately: P(X =z,Y =y) = P(X =2)P(Y =y).

Solution 2.5 To show pairwise independence compute the following probabilities:
PX=1Y=1)=PX=1PY =1=1/4PX=12Z=1) =PX =
WP(Z=1)=1/4,and P(Y = 1,Z =1) = P(Y = 1)P(Z = 1) = 1/4. With
similar equations holding for value —1 instead of 1 it is clear that (X,Y) are

pairwise independent, as are (X, Z) and (Y, Z).
Joint independence does not hold because: P(X = 1,Y = 1,Z = —-1) = 0,
whereas P(X = 1)P(Y =1)P(Z =—-1) =1/8.

Solution 2.6 (a) If > 1then P(min(X,Y) <z)=1- P(X > z,Y > z)
—1-P(X>2)P(Y>2)=1-47"=P(Y >X)+P(X =Y).
(b) Note that P(Y > X) = P(Y < X) by symmetry and
PY>X)+PY<X)+PX=Y)=1.
Now, P(X =Y)=> P(Y =2, X=2)=>,47"=1/3. Thus, P(Y > X) =1/3.

T

(c) The answer is 1/3, according to (b).

(d)

PIX>kY) = S P(X>kY,Y —y)
- ilP(szy,YzwziP(Xz@)P(Y:y)

9-ky—r9-v — 9 /(2k+1 _ 1)

[
8
M2

<
Il
—
8
Il
=)
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Note that 3 27#27% = S 2~hv-29-y,

z>ky =0
© .
P(X dividesY) = S P(Y = kX)
y=1
= i i PYY =yY =ka, X =)
k=1y=1 k=1

(f) Let r = m/n where m and n are relatively prime (that is, not having common

integer factors). Then

P(X =km,Y = kn)

|
>
I
<
=
I
8

1

y
= ZZP( =yY =kz, X =x)
yly

— Z 2—km2—lm — 1/(2m+n o 1)
k=1

8
8

Note that n.X = mY, so when x ranges over km, Y ranges over kn.

Solution 2.7 A word on notation: as written, the sum ) |, where x € R, appears to be

uncountable, however, all except countably many x are zero.
Also, it is required that the sum be absolutely convergent. That is because we
want F[X] to be unaffected by reordering of its terms.

Elg(X)] = Zy)yP(g(x)zy)zEy >, PX=u)

Yy A{zg(z)=y}

= Xy X f(x)ZZx)g(x)f(ﬂf)-

Yy A{zg(@)=y}

This relation is know as the Law of unconsious statistician. The important point
is that in order to compute the expectation of Y = ¢(X) it is not necessary to
know the distribution of Y. Working with the distributions (probability mass

function) of X suffices.

Solution 2.8 Let A, = {w: X(w) = z} = {X = z}, thatis A, is a set of all w such that
X(w) = z. Likewise, A, = {w: X (w) =z} = {X = z}. Then, we can represent
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aX + bY as the sum:

aX +bY = Z(am +0y)a,nB,

z7y

where ], is an indicator function. Now, use the fact that F(74) = P(A) to get

E(aX +bY) =E() (az+by)la,np,) =Y (az +by)P(A, N B,)

z,y T,y

Note that
> P(A,NB,) =PA,N(JBy) = P(4,NQ) = P(A,),
)
and similarly > P(A, N B,) = P(B,). Now,

E(@X +bY) = SarY P(A,NB,)+ by P(A, N B,)

= ay zP(A;)+b> P(By) =aE(X)+ bE(y).

Solution 2.9 To show that X + Y and |X — Y| are uncorrelated we find the expec-
tation of their product £(XY) and compare with the product of their expecta-
tions E(X)E(Y). If E(XY) = E(X)E(Y) then X and Y are uncorrelated. In
other words, X and Y are uncorrelated if the covariance cov(X,Y) = E(XY) —
E(X)E(Y)=0.

Notethat E(X +Y) = E(X)+ E(Y) =2p=1. Nowfind E(|X —Y])

EIX =Y = EQ_lr —yllix=ay=y) = 2|z —ylP(X =2,Y =y)

T,y T,y

— P(X=1Y=04+P(X=0Y =1 =1/4+1/4=1/2.

Therefore E(X + Y)E(|X —Y|) = (1)(1/2) = 1/2. Furthermore,
E(X+Y)X-Y)=EX|X-Y|)+EY|X-Y])

Note that because of the symmetry, F(X|X — Y|) = E(Y|X — YY), so it suffices
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to find £(X|X —Y|) only.

EX|X-Y]) = EQCzlr—yllanp,)=PX =1Y=0)=1/4,

:E’y

sothat E(X +Y)|X —-Y|) =1/4+1/4=1/2. Therefore E((X +Y)|X —-Y|) =
1/2=FE(X +Y)E(|X —Y]), thatis, X and Y are uncorrelated.

Atthe same time, P(X+Y =0,|X-Y|=0) =1/4and P(X+Y =0)P(|X-Y| =
0) =(1/4)(1/2) = 1/8, implying that X + Y and |X — Y| are not independent.

Solution 2.10 Let A, = {X =z} and B, = {Y = y}. Then
XY = ayla,ng,
z,Y

Expectation of XY is

> xyP(A. N By) =5 wyP(A.)P(By) = ) xP(As) 3 yP(A,) = E(X)E(Y).

Yy
Solution 2.11 (a) Using the linarity property, E(aX) = aE(X),

var(aX) = E((aX — E(aX))?) = E(a*(X — E(X))?)
= @®B((X — E(X))?) = a?var(X)

(b) Note that var(X) = E(X — EX)? = E(X?) — (EX)? (why?). Then, using
the fact that X and Y are uncorrelated, that is, cov(X,Y) = 0 = E(XY) —
E(X)E(Y),

var(X +Y) = E(X+Y - E(X+Y))?
= BE(X242XY +Y2— (EX)?— (EY)* - 2EXEY)
= var(X) +var(Y) +2(XY — EXEY) = var(X) + var(Y).

Solution 2.12 To solve the graph problem we use the probabilistic method - so, let’s
color randomly the vertices so that each vertex can be colored red or blue with
probability 1/2.

Let R be the random set of vertices colored red and Ny the size of R. Then
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E(Ng) = |E|/2 because the vertices are colored red with probability 1/2. How-
ever, this means that there must be a value of Ny > |E|/2, which proves the

claim of the problem.

Note that we’ve used the fact thatif EX > zthen P(X > z) > 0. In other words,
if the mean of a random variable is greater than some value z, then P(X > x)
is (strictly) positive. Moreover, knowing that P(X > x) is (strictly) positive,
we can also say that there exists a value z of the random variable X, such that
X > .

Solution 2.13 Let’s label the IC-s from 1 to 17, and let I; be the indicator function
that IC : is faulty. Let F}, be the number of faulty IC-s among the subsequence
k+1,k+2, .., k+ 7, where these numbers are used modulo 17.

Now, select randomly an IC and let its label be K. Each IC is equaly likely to be
selected. Then,

E(Fy) — éu/wm (17 ke + o+ Tesr) = (7/17) i[ _35/17.

Therefore, we showed that E(F) > 2, and given that Fk is integer valued, it
means that P(Fx > 3) > 0. In other words, it’s true that there are at least three

faulty IC-s among any subsequence of seven of them.

Solution 2.14 Let H denote the total number of heads. Then,

P(H=h) = 3 PH=hN=nmP(N=n)= 3 p"(1 - p)" "\ exp(-)/n!
e zh[u— PN exp(=A(1 = p))/(n = D)

T Z[(l— PN exp(=A(1 —p))/(k)!

Note that in the Ist step we substituted & for n — h to obtained a clear form of
the Poisson distribution with parameter A(1 — p). Since the sum is equal to one,
the result follows — the distribution of the total number of heads is Poisson with

parameter (\p).
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To summarize this result:

If N ~ Poisson()\) and H; ~ Bernoulli(p),
then H, + H, ...+ Hy ~ Poisson(\p).

Solution 2.15 (a) Assume that all a,b € R. Then,
P(g(X)=a,hY)=0) = Y P(X =uY =y), where F = {2,y : g(z) = a,h(y) = b}
P(

= 2 PX=1) > PY=y

{a:g(x)=a} {y:h(y)=b}
= P(g(X)=a)P(h(Y) =0

(b)Assume that fxy(z,y) = g(x)h(y). Then,

fx(z) = Xy:fx,y(ﬁc,y):g(x)zy:h(y), and
Irly) = ;fx,y(x,y)zh(y)Zg(x)

Note that

;fx(fv) = %fy(y) =>_g(x) > h(y) =1,

€T Y

yielding

Ix (@) fy(y) = (g(z) X_h(y))(h(y) - g9(z)) = g(x)h(y) = fxy(x,y).

Solution 2.16 (a) Consider the sum X + Y = n. Then,

PX+Y=n) = S P(X=n—kY =k =3 P(X =n—k)PY =k
= 3 {exp(- AN/ (= ) Hexp - )

= exp(h = p)/nl = (IAH = exp(d = (A + )" .

with the binomial theorem used in the last step.
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(b) Proving that the conditional distribution is binomial, we have,

P(X=kX+Y=n) = PX=k,X+Y =n)/P(X +Y =n)

)JP(Y =n—Fk)/P(X+Y =n)

The last expression for the binomial distribution follows by writing explicit ex-
pressions for all involved probabilities (all have Poisson distributions) and not-

ing that P(X +Y = n) is Poisson with parameter A + .

Solution 2.17 We have

g:lkP(X:k) _ ééP(X=k)=§U§P(X=k)
= S P(X2n)=3 P(X >n)

Solution 2.18 To solve this problem we use a form of the inclusion—exclusion principle
or formula:

P(UEY) = > PE)- > PE,NE,)

k=1 1<i<n 1< <ia<n

+ > P(E;, NE,NFEi3) —...

1<i1<i2<i3<n

+ (-1)”71P(E1 NEy...N En)

Now, let E; denote the event that the i-th cap is correctly located. Then, the
probability that at least one cap is correctly located is

P(kQIEk) = - Qe+ 6 Gaae - G

= 1—-1/214+1/3! — ...+ (=1)""'/n!

Thus, the probability that no cap found its rightful owner is

n

1—P(U E,) = 1/20=1/3!— ...+ (=1)"1/nl

k=1

Note that this probability is 1/e ~ 0.3678794 when n tends to infinity.
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Solution 2.19 (a) We need to find fx(z) and fy(y). Now,

fx(@) = P(X=x)= P(X =Y =y)
y=1

ke 1 . 1

T2 y;l (z+y—1(z+y)  (z+y+1)(z+y)

_  k = 1 2 1

- 2 Z zty—1  z+y + zty+1

y=1

where we applied a simple identity, m =L - +1 , to the expression that
defines fxy(z,y). and a similar identity D = I +1’ to the fraction terms

under the first summation above.

Now, note that the terms in the final summation form a telescoping sum for
y =1,2,..., with the total reducing to _ ;.

Therefore, fx(z) = TIE +1 . Also, fx(x) = by symmetry.

2z x+1) ’

(b) To determine % note that Z = 1, so it follows that & = 2.
x=1

(c) Note that the sum, E(X) = Z 1/(x + 1), diverges. Since E(X) = oo, the

covariance is undefined, or we say that it does not exist.

Solution 2.20 It is helpful to use this identitiy: max{a,b} = (a + b)/2 + |a — b|/2.
Then,

BEmax{X2,Y?}) = BE((X2+Y?)/2+|X2—Y?))/2
= 1+ E(X*-Y?)/2=1+E((X -Y)(X +Y)))/2,

since var(X) = var(Y) = E(X?) = E(Y?) = 1. Furthermore,
E((X-Y)(X+Y))) = ;yf(w,y)!(ﬂc —y)(z+y)|

= xEy\\/f(w,y)(x—y)\/f(x,y)(w+y)|
< fo(x,y)(x—y)z > fla,y)(z +y)?

x7y

= VE[X-Y)E[(X +Y)

after applying the Cauchy-Schwarz-Bunyakovski inequality.
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Therefore, noting that p = E(XY) when EX = EY =0, we get

Emax{X?Y?}) < 14 3E[(X -Y)2]E[(X +Y)?
= 1+1/(2-2p)(2+2p)

= 14+ /1—p?

Solution 2.21 (a) Note that logy < y — 1 with equality if and only if y = 1. Then,

f(X) f(X)
Bllog fr() - Eos £x(0) = £ (£33 ) < B ($453 1)

Note that the expectation is with respect to X, that is,
fy(X)] _ fr(@)
x| fe) - 2 gy =t

where we assumed that X and Y have the same domain. Therefore F(log fy (X)) <

E(log fx(X)), with equality if and only if fx = fy.

(b) We use the following well known inequality (prove it!), logz > 1 —1/z,
with equality if and only of z = 1. Then,

1= s [ ()] -5 e
> Zﬂw)( BILW) = 5 f(a,y) = 3 fx(2) fy ()
A A A
= 1= T () 20

Therefore, I > 0. The equality holds if and only if X and Y are independent.
Note that A = {(z,y) : f(z,y) > 0}, andeX( Vfy(y) < 1.

Solution 2.22 In the following, we use the law of unconscious statistician, E(g(X)) =

>0 f(2)g(@),

E(EY|X)) = Ex(Eyvix(Y|X)) = %:fx(l’)E(WX)
= ;fx(x)fnxy = szxy(IE,y)y
= Zy:y%:fx,Y(%y) :Zy:ny(y) = E(Y).
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The equality E(E(Y|X)) = E(X) is sometimes called the law of double expec-
tation. The usefulness of this result stems also from the fact that £(Y") can be
calculated as

E(Y)=) E(Y|X =2)P(X = ).

Solution 2.23 Note that the law of double expectation is obtained as the special case
of the expression here, by setting ¢(X) = 1 for all z.

E(E(Y]X)g(X))

> fx(@)g(x)E(Y|X = 2)
= %:fx(m)g(X) zy:yfwx(y’ﬂ?) = szg(ﬂf) Zy)yfx(x)fm(y\x)
= 2 9(@) X yfxy(z,y) =3 g9(@)yfxy(z,y) = E(Yg(X)).

Solution 2.24 We have the following distributions:

FN) = Sesp(-N). SN = ()

Now,
E(K|N =n) =Y kfgn(kln) =pn
k

Thus, B(K|N) = pN and E(K) = E(E(K|N)) = E(pN) = pE(N) = p\.

In order to derive £(K|N) we need the conditional mass function fyx(N|K).

Note that n > k. We use Bayes theorem:

i (nlk) = P(N =n|K =k)

_  P(N=n)P(K=kK)|N=n) _ _P(N=n)P(K=k)|N=n)
Pi=k) _Zk P(K=Fk)|N=4)P(N=j)
=
_ o es /e (@opN /g (1-pA=a
_ k(@pk(l—p)fk(xﬂ')/ﬂ)exp(—x) > (1) ((1=p)N)3) /4!
1= JI=
_ o(())z"/(n—k)! _ a;’k/(n—k)! _ a”;’j/(n—k)!
>0 ad/(j—k)! > ad=k/j! > ai/il
Jj=k j=k i=0
Oénfk/

= m exp(—a).

Thus, we got
fi(nlk) = a" *exp(=a)/(n — k).
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which is a shifted Poisson distribution with the expectation equal to £+ (1 —p) A,

The expectation can be derived from

E(N|K =k) =Y nfyix(n|k)
n>k
and this is left as an exercise for the student.

Solution 2.25 The relevant set to consider consists of all x, y pairs which sum to z.

The set can be expressed as
(X+Y=z}=J{(X=2}n{Y =z-2}).

Note that the union consists of disjoints subsets as it is partitioned by single val-
ues x. We can say that at most countably many terms have non-zero probability.
Then,

P(X+Y:z):ZP(X:x,Y:z—m):fo,y(x,z—x)

Note that if X and Y are independent we have

PX+Y =2) = fX+Y(Z):%:fX,Y($7Z—I)
= ;fx(l‘)fy(z—l‘)
= Y fx(z=y)fry)

The mass function of X + Y is the convolution of the mass functions of X and
Y.

Solution 2.26 Let X be the number of defective parts in a package. Note that the
probability of a defective part is 0.01.

Obviously, X is a binomial variable X ~ Binomial(n, p), where n = 10,p = 0.01.

The company has to replace a package if there are 2 or more defects in it. There-
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fore, the probability that the package will need to be replaced is
10 0 10 10 1 9
L=P(X =0)=P(X =1) = 1—( 7)(0.01)°(0.99)"° — (") (0.01)"(0.99)° ~ 0.04.

Thus, about 0.4% of the packages need to be replaced.

Solution 2.27 There is not enough information to answer the question.

In case the defendant is innocent, the probability of the jury making a correct

decision (thus freeing defendant) is

12

3 (2)a -

1=5

If the defendant is guilty the probability of the jury making a correct decision
(to convict) is
12
12\ . .
Z < Z )pz<1 _p>12—1'
1=5
If we assume that the defendat is guilty with probability # then we can condition
on whether he is guilty or not we get the probability of a correct decision as
follwos.
12 12 ‘ s 12 12 ‘ s
=03 ()pameo (F)pa-pe
Solution 2.28 Let’s consider the ratio P(X = k)/P(X = k—1) and find out for which

values of k is the ratio greater or less than 1.

P(X=k) ()pF =) F (i kg1)p

P(X=k-1) (kﬁl)pkfl(lfp)"*kﬂ T k(1-p)

Thus, P(X = k) > P(X = k — 1) ifand only if (n — k 4+ 1)p > k(1 — p), which is
+

the same as k < (n + 1)p.

Solution 2.29 A binomial random variable X ~ Binom(n,p) can be written as the

sum of n independent Bernoulli variables, B;, where B; = 1 with probability p:

X:Bl+BQ++Bn, i:1,2,...,n.

72



Solutions to Exercises in Probability I

Then, E(X) = E(Bi + Bo+ ...+ B,) = E(By) + E(By) + ... + E(B,) = np.
Likewise, V(X) =V(B1+ ...+ B,) =V (By) + ...+ V(B,) = np(1 — p).

Note that the expectation is of a sum of random variables is the sum of the cor-
responding expectations regardless of the random variables being independent
or not. However, the variance of the sum is equal to the sum of the variances
only if the variables are pairwise uncorrelated. Since in our case they are inde-

pendent, it is sufficient for the result to hold.

Solution 2.30 We start from the definition to finf the expectation of a Poisson ran-

dom variable.

EX) = Zk/\kexp( A /K = )\Z)\k Lexp(=\)/(k —1)!

= dexp(—2A) Z N JR =

Note the changes in indexes, and also the last step where we used the fact that
exp(\) = Doy A /R
To find variance, we first need £(X?) since V(X) = E(X?) — (E(X))%

E(X?) = 3 K2\ exp(—A)/K = A z AL oxp(—\)/(k — 1)!

k=0
00

= /\kzo(k—kl) Fexp(—\)/k!

. { S EA exp(—A) /Kl + 3 AR exp(—)\)/k!}
k=0

k=0
= AMA+1).

Therefore, V(X) = E(X?) — (E(X))?=AA+1) = X2 = \.

Solution 2.31 The expectation and variance of a binomial random variable X are:
E(X)=mnpand V(X) = np(1 — p). Assume that n is large, p small an np moder-

ate. Now, for a binomial X and A = np, we have

P =k) = ()1 -p)""* = oHm/n)* 1 = A/n)
n(n—1)(n—2)...(n—k+1) \*(1-\/n)"
nk kl(1-X/n)k

Based on n large and p being small, we use the following approximations:
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(1—=X/n)" = exp(=A);  (1—=X/n)* =1,

nn—1)n-2)...(n—k+1)/n* = 1;

to arrive at P(X = k) ~ exp(—A)A*/k! = exp(—np)(np)*/k!

Therefore, the number of successes occurring is approximately Poisson(np).

In practice, to approximate a binomial random variables with (n > 100) and for

small n, say, n < 0.01, we can use a Poisson with A = np < 20.

Solution 2.32 We have Y = (X — p)/0o, so that
EY)=E(X —p)/o)=EX —p)/o=(EX)—p)/o=(n—p)/o=0.
Likewise,
VY)=V(X —p)/o? =V(X)/o? =020 = 1.

Solution 2.33 According to their definition, Y; are independent and identically dis-
tributed. Let F(Y;) = u,;. Consider the sumY =Y; +Y; + ... + Y. Obviously,

Y = 1. Then, E(Y) =1 = EY) + E(Y2) + ... + E(Y,)) = nu;. Therefore
E(Y;)=1/nforalli=1,2,... n.

Solution 2.34 We need to prove that (F(XY))? < E(X?)E(Y?), which is a variant of
Cauchy-Schwarz inequality. Consider the expression F(X — aY')? where a € R.
Then, E(X — aY)? > 0 for all a. Furthermore, £(X?) — 2aE(XY) + a?Y? > 0.

Now, a value of a that minimizes the above expression is « = F(XY)/E(Y?).
In order to do it, we find the first derivative with respect to a and set to zero to
obtain the result. (Why is this a minimum and not a maximum?) The inequality
becomes E(X?) — 2(E(XY))?/E(Y?) + (E(XY))?/E(Y?) > 0 which is the same
as (E(XY))? < E(X%)E(Y?).

Solution 2.35 Cauchy-Schwarz inequality of the previous problem states that

(B(XY))? < B(X?)E(Y?).

This implies

(E((X = px)(Y = py))* < E(X = px)) E((Y = py)?)
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or 0%y < o%oi. Therefore p%y = 0%y /0%0% < 1.

Then, it follows that —1 < pxy < 1.

Solution 2.36 (a) We have that Y = aX + b. Thus, E(XY) = E(X(aX +0)) =
aE(X?) =bE(X). Also, E(Y) = aE(X) + b. Furthermore, the covariance is,

Cov(X,Y) = oxy = B(XY) - E(X)E(Y)
aE(X?) + bE(X) — E(X)(aE(X) +b)
— a(B(X?) - (B(X))?) = ac%

(b) We first find oy by noting that V (V) = V(aX + b) = >V (X). Thus, 0% =

a’c%, or oy = |a|ox. Then, the correlation coefficient of X and Y is

a
pxy = oxy/(oxoy = aok/(ox|alox) = Tl

Thus, pxy = a/|al, implying pxy = 1,fora > 0, and pxy = —1, for a < 0.

Solution 2.37 If X, X,, ..., X, are pairwise independent then
Var (Z aiXZ-> = a}Var(X;).
=1

i=1

Assume now that X;-s are not independent and let Y = " | 4,X;. Then,

Var(Y) = E(

—~

Y —EY))) = E { (i ai(X; — EXi))z}

i=1

= Y awBl(X, — EX)(X, - EX,)]

@
I
—_
<.
I
_

aiajCOV(Xj, X])

I
M=

&
Il
—
<.
Il
—

Now, if X;, X; are pairwise uncorrelated, then Cov(X;, X;) = Var(X;) fori: = j

and Cov(X;, X;) = 0 for i # j. Therefore, for pairwise uncorrelated X;, X;, we
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obtain the same result as for independent X;:

Var (i aiXZ-> = i a?Var(X;).

i=1 i=1

Solution 2.38 (a) The number of possible trials has no upper bound. Thus, the prob-

ability of the evenbt F that the success will occur eventually is

=Y P(X=n)=p) (1-p"

Since the geometric series sums to one it follows that P(E) = p, that is, there is

a positive probability that the success will eventually occur.

(b) Let ¢ = 1 — p. Then,

B(X) = Xng"'p=p3 5@ =rg (Zl q”)

= pg(1/(1=q)=p/(1-q?*=1/p.
Since V = E(X?) — (E(X))?) we first find F(X?) and also let ¢ = 1 — p. Then,
BOC) = St tp=p S for) =i (z nqn)

= o[ (5 )] - [ 00)] =t [

n=1

= 2/p*—1/p.

Solution 2.39 By definition V(X) = ¢ = E((X — F(X))?), hence

ot = T p@@ - ) = T p@)@® — 200+ )
- p(a)z? — 2 ¥ pla)an+ m;)p(ﬂc)m2
- I;D p(z)2? — 2 %3 p(x)x + p? gDp(w)
= z%p(x)gﬂ — 2 +
= ;)p(x)ﬂf2 —
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Solution 2.40 (a)Letp(z) = ¢/2% x = +1,42, .. .. To determine c we use the fact that
the sum of all probabilities is one. Thus, }_ 1/2*> = 7?/6,and > 1/2* = 72/6,
=1

r=—1

so that ¢ = 3/72. However,

B(X) = Y apa)+ Y apla)

=1 r=-—1
= 3/m* > 1/x+3/n* > 1/z
=1 r=-—1
= 00— 00

Therefore, the expectation is not well defined - it does not exist.

(b) Let p(z) = 2¢/2% x > 1. Then, as in (a) we have E(X) = 2c i 1/x = o0, SO
r=1

the expectation is infinite.

(c) Here, p(z) = ¢/x*,x > 1. The expectation is
E(X) = Y ap(z)=c> 1/2* =cr?/6
=1 =1

Thus, the mean is finite. However,

18

E(X?) = pr(x):cgll/x:oo,

r=1

so the variance is infinite.
Solution 2.41 Starting from the definition of the conditional variance,
VY|X =2) = E((Y - EY]X = 2))*|X =),

we have

V(Y) = E(Y - EY)?) = E(E((Y — E(Y]X))*)|X)

(E((Y = E(Y]X) + E(Y|X) — EY)?)|X)

= E(BE((Y - E(Y[X))")|X) + E(E(Y|X) - EY)?)|X)
+ 2E[E((Y - E(Y[X))(E(Y|X) - EY))[X]

|
&

Note that the last term in the sequence of above equalities is zero because
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E((Y — E(Y|X))|X) = EY — E(E(Y|X)) = EY — EY = 0. Hence,

V(Y) = E(E(Y - EY[X))*)IX)+ E(E(Y[X) - EY)*)|X)
= E(V(Y|X))+ V(E(Y|X)).

Solution 2.42 Let the random variable NV be the number of particles emitted in the
given time interval. Note that P(X = j,)Y = k) =P(X =45 Y =k, N=j5+k)
and P(AB) = P(A | B)P(B) Then, it follows that

P(X=4Y =k =P(X=j4Y=k|N=j+kP(N=j+k)

IR kA Ntk

TR K]

Note further that P(X = j) = > °,P(X = Y = k)and P(Y = k) =
> 0 P(X =3,Y = k). Therefore, it follows that

yi _ k
P(X — j, Y = k.) —_ e*/\ (/\p) *A(lfp)M for all j, k>0

J o k
P(X =j)= e‘Ap—()\g) and P(Y =k)= - AL =P o P)
J: !
forall j,k > 0.

This means that X and Y are Poisson random variables with parameters \p and
A1 —p). Given that P(X = j,Y = k) = P(X = j)P(Y = k) forallj k, we

have shown that X and Y are independent.

Solution 2.43 (a) Let the random variable X be the payoff of the game. Then,

P(X =0) 6><5>(<);<5><5 _ gz
P(X =2) :6><();<41><5><4:26_106
P(X =25) — 6><G);<41><5><1 _ %
P(X =3) _ 6><(‘;);<41><1><5 _ %
P(X =4) 6><><(132<1><1 _ ﬁ

Alternatively, using conditional probabilities, the probability mass function of
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6

(D42 x 1. P(X =3) = (3)(})?}. and P(X = 0) = (})° Hence

X canbe calculated as P(X = 0) = (2)%, P(X =2) = (})(2)? x £ P(X =2.5) =
)
1

6 6’

1
E(X):()x%+2><2—16+2.5><%+3X2—16+4X%:O-956

We see that the expected payoffis £(X) — 1 = —0.044 < 0.

(b) Given that the payoff is negative, it means that the game is disadvantageous
to the player. The house has a large edge of 4.4%, so the game should not be

played unless one enjoys “free” drinks over simple reasoning.

Solution 2.44 To solve the problem requires some pondering until we realize that the
desired probability that the player A will be the overall winner is the probability
that A wins at least 10 — a games of the additional 19 — a — b games. Take
as sample space all possible sequences of “ones” and “zeros ” to a length of
19 — a — b, where A’s win is recorded as a “one” and a loss as a “zero”. Assign to
each element of the sample space the same probability of 1/(19 —a —b) . Let A,

be the event that the player A wins exactly & of these games. The set A, contains

(19—ka—b

the sum of individual probabilities:

) elements. The events A, are disjoint and so the resulting probability is

19—a—b 19—a—b

S P = Y (19 —ka—b)G/Q)lg_a_b.

k=10—a k=10—a

Solution 2.45 (a) The set of the possible values of the random variable X is {101, 102, ...,110}.

Then, the probability mass function is given by

P(X >k—1)—P(X > k), ifk=101,102,...,110,
px(k) =

0 otherwise.

Note that P(X > 100) = 1 and that for £ = 101,102, ..., 110, we have

P(X>k) = P(Xy1>kXo>k X5>k)
= P(X;>k)P(Xy>k)P(X3> k)= (110 — k)3/10.
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Then, it follows that

pX(k‘) _ 103 9

U=k —(10-k)° £ 1 — 101,102, ..., 110,
0 otherwise.

(b) Since X; are uniformly distributed over the integers in the set {101, 102, ...,110},
we have E(X;) = (101 + 110)/2 = 105.5.

00 110 110
(111 — k)3 — (110 — k)3
B(X)= 37 hox(k) = 3 hpx(k)= 3 o
k=—00 k=101 k=101

Evaluating the above expressionyields £(X) = 103.025. Therefore, the expected
improvement is 105.5 — 103.025 = 2.475.

Solution 2.46 Let X; be the number of traffic offenders the policeman stops on day
i. Then, X; are independent random variables that with an eqal chance asume
values in the set {1,2,3,4,5,6}. We are interested in X = Zgl X;, where

E(X)=F (Z Xi> = E(X;) = 35.

where we used the value for £(X;) = (1+2+3+4+5+6)/6 = 3.5.

Using the fact that the X;-s are independent, the variance is computed as:

V(X)=V <§: Xi> = i V(X;) ~ 29.17.

Here, we used the result that V(X)) = E(X?) — (E(X;))? = (12 + 22 + 32 + 4% +
52 + 62) — 3.5% = 2.917.

Solution 2.47 (a) We note that the X has the binomial distribution with parameters
of the corresponding pmf, p = 0.02 and n = 250. The mean is F[X] = np =
250 x 0.02 = 5. Then the probability that the number of tickets one gets is
exactly equal to the expected value of X is

250
P(X =5)= ( - )0.0250.98245 =0.1773.
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(b) In order to use Poisson approximation, we set A = np = 250 x 0.02 = 5

Therefore, the approximate probability is
PPoisson(X = 5) = eXp(—)\)/\5/5' = 0.1755.

The two probabilities, binomial and Poisson, are very close to each other.

(c) Let Y denote the total money paid for traffic tickets in a year. Then, E(Y) =
5
50 > E(Y;), where Y; is the amount paid on day i.
=1

We have the following probabiliies of paying the traffic tickets:

(098, ify—0
0.01, ify=10
0.006, ify = 20

| 0.004, ify = 50.

Then, the mean is E(Y;) = (0.01)(10) + (0.006)(20) + (0.004)(50) = 0.42.

The varianceis, V(Y;) = E(Y2)—E(Y;)? = (0.01)(10%)-+(0.006)(202)+(0.004)(50)—
(0.42)2 = 13.22.

Then, the mean of Y is E(Y) = 250E/(Y;) = 105. Now, use the independence of
Y; — s to calculate V(Y') = 250V (Y;) = 3, 305.

(d) The standard deviation of the sample mean is

o =+/p(l —p)/n=+p(l—p)/250.

Then, the possible values of p within 5 standard deviations from p are those that
satisfy 0 < p < 1and

lp— p| < 50, or (p— p)* < 25p(1 — p)/250.

When simplified, the inequality is 275p?> — 35p + 0.1 < 0, which is satisfied for
0.0025 < p < 0.1245).

Solution 2.48 (a) It will be helpful to recall the properties of the joint probability
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mass function of a bivariate (X, Y):

0 <pxyv(z,y) <1
22 p XY (z,y) =1
PI(X,)Y)e A= > pXY(z,y),

(z,y)€ERA

where R 4 is the range space of X and Y corresponding to .A.

Then, we have
2 2
Zszy(xy ZZk (2rx +y) = k(18) = 1.
B Y =1 y=1

Therefore, £k = 1/18.

(b) Noting the properties of joint pmf-s, the marginal pmf of X is

2

= ZPXY (z,y) = Z%(Qw—l—y}

y=1
1 1
18(x+)+18($+) 18(w+), x ,

Likewise, the marginal pmf of Y is

() Now, p,, (z;) pr (y;) # pay (i, ;) ; implying that X and Y are not independent.

Solution 2.49 (a) Let’s recall again the properties of joint pmf-s:

0<pxyv(z,y) <1
Y2 p XY (z,y) =1
P(X,)Y)e A= > pXY(z,y),

(z,y)€ERA
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where R 4 is the range space of X and Y corresponding to .A. Now, we have

YD pxy(wy) =) > kafy

2177;:1 yj=1

—k(14+2+3+4+8+12)=k(30) =1
Thus, k = 55. (b) The marginal pmf of X is
’ 1
px () = zy:pxy (z,y) = ;xzy/BO = 5:62 x;=1,2
Then, the marginal pmf of Y is
: 1
_ _ 2 _ _
pY(y)—;pXY($ay)—;$9/30—6% y_17273

c) Now, p, (z) p: (y) = 2*y/30 = p,, (z,y) From here, we conclude that X and Y

are independent.

Solution 2.50 Random variables X;, X, ..., X, are independent and have the same
distributions. That means that the variance of the sum of individual variances

is the sum of individual variances o2.

Let S, =X, +X,+ ...+ X,. Then

E(S,) =p andV (S,) = no’.

2
Vv <&) — 7 andalso E (&> =L
n n n

Now we apply the Chebyshev’s Inequality, so for any ¢ > 0,

2
(f5f2) s

n ne?

Furthermore,
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Therefore, for a fixed ¢

&—M‘ZE)ZO.

n

lim P (
n—oo

An equivalent expression of the previous result is:

limP(‘&—,u‘ <e) =1
n—o00 n
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Solutions to Exercises in Probability Il

Solution 3.1 (a) Given that f is a probability density function, it has to satisfy

Then, cj%(Qx —x?)dr =1,0r 1 = ¢(z* — 23/3)|3, or c = 3 /4.
(b) P(X > 1) = [7_ f(x)dz = (3/4) f12(29c — %) = (3/4)((x* — 23/3)]? = 2/3.

Solution 3.2 (a) We first find A. The density function satisfies [~ f(z)dz = 1 or
)\f exp(—x/100)dx = 1. This yields 1 = —100A exp(—z/100)|5° = 100A. Thus,
= 1/100

The probability that the machine would function between 50 and 150 days is

150 150

P(50 < X <150) = [ (1/100)exp(— — x/100)dz = — exp(—xz/100)

= exp(—1/2) —exp(—3/2) ~ 0.384.

50

(b) Analogously to (a) we have

100 100

P(X <100) = [ (1/100)exp(— —2/100)dz = — exp(—xz/100)

0

= 1—exp(—1) =~ 0.633.

0

Thus, the machine will break down about 63.3% of time before working 100

hours with no problem.

Solution 3.3 Let Y = exp(X) Then, the cumulative distribution function of Y is

Fy(y) = P(Y <y)=Plexp(X) <y) = P(X <log(y))
log(y)

= [ f)dt =log(y).

0

The density function of Y is fy(y) = d/dx(Fy(y)) = 1/y. Note that y has differ-
ent limits from z, that is, 1 < y < e. Now, E(exp(X)) = E(Y) = [~ _tfy(t)dt =
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fledt:e—l.

An alternative (and more general) way to derive F(exp(X)) is to use the contin-

uous version of the law of unconscious statistician,

oo

E(g(X)) = / o) fx (x)de

Then, E(exp(X)) = fol exp(x)dx = e — 1.
Solution 3.4 Let fx(z) be the probability density function of the continuous random

variable X. Then,
/P(X > x)dr = //fx(t)dtdx,
0 =z

0

where P(X > y) = [ fx(t)dt. To finish the proof, we interchange the bounds of

integration:
7P(X > x)dr = 7 (/t da:) fx(t)dt = 7tfx(t)dt = E(X).

Solution 3.5 Note that a function of a random variable is also a random variable, and

since g > 0, we can start from the result of the previous exercise, E(g(X)) =
J P(g(X) > t)dt.
0

Then, we have P(g(X) > t) = [ fx(x)dz, where A = {z : g(x) > t}. Further-

A
more,

E(g(X)) = 7 [ #xtaydade = | ( / " dt) fua)ds = [ g(o)fela)ds
0o A A

A

Solution 3.6 We have that X ~ Uniform(0,1) and Y = a + (b — a)X. Hence, the

cumulative distribution function (CDF) of Y is

Fy(y) = P(Y <y)=Pla+(b—a)X <y) = P(X < L4 = pe (Y29
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Note that the range of Y is « < y < b. Differentiating Fx, we get fy(y) =

1/(b—a).

Solution 3.7 (a) Assume that the Bernoulli trials are performed at times e, 2¢, 3¢ and
let T be the waiting time for the first success. Then P(T > ke) = (1 — p)*, where

for a fixed time, ¢, the number of trials (time epochs) is approximately k& = ¢ /e.

Now, let ¢ — 0 and p — 0 in such a way that p/e tends to a positive constant A

or p =~ \e. Then,
P(T >t)=P(T > ke) = (1 —p)F = (1 — Xe)/* — exp(—\t).

(b) Note that P(X > x) =1 — F(z), and so

EX = 7P(X > z)dz = 7(1 — F(z))dz = 7exp(—/\x)dx —1/\.

Solution 3.8 The density of the distribution of the exponential random variable is
fx(z) = Aexp(—Az).

Thus, the mean of X is E(X) = [ 2\ exp(—Az)dz.
0

We integrate by parts (u = z, dv = A exp(—Az)dz to obtain
+ exp(—Ax)dx = 1/
0

E(X) = —zexp(—Ax)

Next, we find F(X?) = [a2?Xexp(—Az)dz. Integrating by parts now requires
0
substitution u = 2%, dv = X exp(—Az), yielding

[e.o]

E(X?) = —2? exp(—A\x)

+2 [zexp(—Az)dr = 1/) = 2/X\%
0 0

Therefore, V(X) = E(X?) — (EX)?=2/X* — (1/A\)? = 1/)\*.

Solution 3.9 Let ¢ denote the N(0, 1) distribution function. Then,

P(Y <y)=P(X <logy) = P(exp(X) < y) = ®(logy), and

fr(y) = éfx(logy) = exp(—%(log 1)), 0<y < oo.

1
yv 2w
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Solution 3.10 (a) Max{X,Y} <zifandonlyif X <z andY < z. Then, by indepen-
dence,

Pmax{X,Y} <z)=P(X <2,Y <z)=P(X <2)P(Y <1)=F(x)%

Now, differentiating the expression for CDF we obtain the density function of
G =max{X,Y}, fa(x) = 2F(z)f(x).

(@) Similarly, H = min{X,Y'} > z ifand only if X > z and Y > «x. Therefore,
PH<2z)=1-Pmin{X,Y}>2)=1-PX >2)P(Y >2)=1—(1- F(x))*

Again, by differentiating the CDF, we obtain fy(z) = 2f(x)(1 — F(x))

Solution 3.11 Expand the expression E((X — a)?) as

E(X —a)*) = E((X - EX) (EX —a)]?)
= FE(X-EX)?)+2(X —EX)(EX —a)+ E((EX —a)?)
= V(X) + (EX —a)?

It’s clear that the minimum is achieved when the second term is zero, that is,
EX =a.

Solution 3.12 If X ~ Uniform(a,b), it means that fx(z) = 1/(b—1) fora < z < b,
otherwise fx is zero. Thus,
b

2_ 42
= % = (Cl+b)/2

a

b
2

E(X)=[1/(b—a)zdr = =%

2

b ‘ b
Furthermore, £(X?) = [1/(b— a)z?dz = ;--2| = (b* +ab+b?)/3.

a

Therefore, V(X ) = E(X?) — E(X)* = (b*+ab+1?)/3 — (b+a)?/4 = (b—a)?/12.

Solution 3.13 We have that P(X > a) ffX )dz. Given that fx(z) = 0,2 < 0,

o)

the expectation is, EX = [ 2 fx(x)dz. Note the lower bounds of integration to
0
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conclude that

EX > /fo(x)da: > /afx(x)dx =aP(X > a).

Therefore, P(X > a) < EX/a.

Solution 3.14 To find the probability P(|X — u| > a) we find the probability mass
under the tails of the density for values beyond +a. Thus,

P(X —plza)= 7afx($)dx+ ]Ofx(ﬂﬂ)da? = /fX(l")d%
o A

pta

where A = {z : |z — u| > a}. Furthermore,

o0

. / (12 fx () > / (20— fx (2)de > / @ fx(2)dx = a*P(|X — | > a)

—00 A A

Therefore, P(|X — u| > a) < 0%/a®. Note that the Chebyshev inequality is re-
markable because it holds for any distribution with finite mean and variance.

However, depending on the ratio 0% /a?, the inequality may be very weak.
Solution 3.15 The memoryless property, P(X < z +t|X > t)P(X <z), =x,t>0,
isequivalentto P(X <z +1¢, X >t)/P(X >t)=P(X <z)or

Pt<X<z+t) = P(X>t)P(0 < X < z) since X is non-negative. If we
express the previous equality using the CDF, Fx(x) of X, and writing only F,
just dropping the subscript, we get

Fle+1t) = F(t) = [F(z) = FOO)][1 - F(t)]
Note that F'(0) = 0, rearrange the equation and divide by ¢ to get:

Flz+t)—F(t) F@)(1- F()]

t t

Taking the limit of both sides as t — 0 we obtain F'(z) = F'(0)(1 — F(x))
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Here, I’(z) denotes the derivative of /. Now, let G(z) = 1 — F(z), Then,
we have G'(z) = G'(0)G(z). Note that G'(0) = ¢; is a constant, so we have
G'(z)/G(x) = ¢, and from here, G(x) = ¢y exp(c12), as the solution for this well
known differential equation. Furthermore, ¢, = 1 and —c¢, we denote by ) to get
G(z) = exp(—Ax) and finally:

F(z) = 1= G(z) = 1 - exp(=A(x)),

which is the CDF of the exponential random variable with density A exp(—Az)

Solution 3.16 For U and V to be uncorrelated it suffices that E(UV) = (EU)(EV),
or E(X +Y)XY) = E(X + Y)E(XY).

Thus, F(X?Y) + E(XY?) = EXE(XY) + EXE(XY). Then, by independence
of XandY,

E(X*)EY +(EX)E(Y?) = (EX)E(XY) + (EX)E(XY)
(EY)E(X?) + (EX)E(Y?) = (EX)*(EY) + (EY)*(EX)
(EY)(E(X?) — (EX)?) = (EX)(E(Y?) — (EY)?).

In other words, U and V' are uncorelated if (EY)(VX) = (EX)(VY).

Solution 3.17 Note that £(X) = p,s0 E (X, — X) = 0. Then,

(ZXX) E(X)
— (0 + np?) — (var(X) + E(X)?)

(0% +np?) — <%2+/ﬁ> =0

E{X (X, -X)}

3Iv—‘3 = SIH

Solution 3.18 Let X be the length of the shorter piece of the first break, so fx(z) = 2
for z € [0, 1]. The other two pieces have lengths U(1 — X) and (1 — U)(1 — X)

where U is uniformly distributed on [0,1].

A triangle can be formed from these lengths if and only if

Ul-X)<X+(1-U)1-X), (1-U)(1-X)<X+U(l-X)
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where X < 1— X. Conditional on X = z, the above occurs if and only if 1 — 2z <
2U(1 — z) < 1, which has probability

1-—2x 1 1 1—-2x T
P(Q(l—x) U§2(1—x)> T21-2) 20—z 1-=

IN

The unconditional probability is

1 Ly
/021fxfx(x)dx:/21 ’ dx =2log2 —1

0 — X

Solution 3.19 Let X and Y be the two random points at which the stick is broken
where X is the point that is closest to the left end point of the stick. Assume
that the stick is of a unit length. Then, all three pieces are smaller than a half,
onlyif X <05, Y —X <05and1-Y <0.5.

In other words, (X, Y’) should satisfy 0 < X < 0.5and 0.5 <Y < 0.5+ X. Then
the joint density function f(z,y) of (X,Y) is given by f(z,y) = 2for0 < z <
y < 1 and O otherwise.

In order to convince yourself of this, note that
X =min (Uy,Us), and Y = max (Uy, Us)

where U; and U, are independent and uniformly distributed on (0, 1).

Furthermore, for any 0 < z < y < 1 and dzx > 0, dy > 0 sufficiently small,

Pr<X<z+dr,y<Y <y-+dy)
=Pz <U <z+dr,y<U, <y+dy)
+P(x<Uy<zx+dr,y<U <y-+dy).

By the independence of U; and U,, this gives P(z < X < z+dx,y <Y <
y + dy) = 2dzdy, showing that f(z,y) = 2 for 0 < x < y < 1. It now follows that
P( no piece is longer than half the length of the stick)

0.5 0.5+ 0.5
= / dx/ 2dy = 2/ xdr = 0.25.
0 0.5 0

92



Solutions to Exercises in Probability 111

Solution 3.20 We have
1/(2m), 0<6<2m

0 g
Jol®) { 0, otherwise

E(X):/axfx(x)dxz/027TCOSQf9(0)d9:2i/02FCOSQd9:0

Similarly for E(Y'),

™

1 2
E(Y)= 2—/0 sin 0df = 0

1 2m 1 2m
E(XY) = —/ cos O sin Odf = 4—/ sin26df = 0= E(X)E(Y)
0 T Jo

27

Therefore, X and Y are uncorrelated.

(b)
E(X?) = L /27r cos® 0df) = i/%(1 + cos 20)df = L
27 drn ), 2
) 1 2m . 1 27 1
E(Y?) =— sin” 0df = — (1 —cos20)df = -
21 0 47 0 2
E(X?Y?) = L /27r cos® fsin? 0df) = 1L 27T(1 — cos40)dl = 1
2m Jo 167 J, 8
Hence
1 1
E(X?Y?) = s71-F (X?) E(Y?)

If X and Y are independent then E(g(X)h(Y)) = E(g9(X))E(h(Y)). In our case
this means that we would have F(X?Y?) = E(X?)E(Y?), however, this is not

true, therefore, X and Y are not independent.

Solution 3.21 In the derivation below we use the following statements:

(e 9]

frix((Wlz) = fxy(z,y)/fx(x), where fx(x) > 0; and E(Y |z) = /yfyx(?/|93)dy

— 00
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Then, we have

BB | X)) = [ B | o)fx(aar= [ [ [ vtto] x>d4 f(e)da

-/ jy%i(—éfj)fx(l")dl‘dyz [ { / foym,y)dx} dy

_ / by )y = EY)

—Q

which proves the result.

Solution 3.22 Given that X and Y are independent, so are ¢g(X) and h(Y'), and we

/ / y) fay (z, y)dzdy
— [ | st sy

- / o(@) fx (2)d / hy)fy (4)dy
— Blg(X)|Eh(Y)]

have

Solution 3.23 Wehave f(z,y) = cxy,for0 < x < y < 1. Knowing thatiint f(x, y)dzdy =

1, where A is the domain where f(z,y) > 0, we compute:

11 1 1 1
//cxydxdy = /cx (/ydy) dx = /cx(l —2%)/2dr = ¢/8 = 1.
0z 0 0

T

Thus, ¢ = 8.

Solution 3.24 We have,

where k is some positive constant.

(a) Total probability, or the area under the probability curve must be one, so to

find k, we integrate the p.d.f.

1= /Z fx(t)dt = k:/loo t~4dt = k/3
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Thus, k£ = 3.

(b) The distribution function FY is given by:

Fx(t)= P(X <t) = /t Fx(u)du

B { 3f1tu*4du, t>1

0, t<1

{ 1—(1/8)3, t>1

0, t<1

(c) First find the mean px

,uxz/ tfx(t)dt:3/ t73dt = 3/2
—00 1

and F(X?)
E(X?) :/ Cfx(t)dt = 3/ t2dt =3
- 1

[e.o]

Var(X) = ok = E (X?) — B(X)* = 3/4

(d) Now, we compute the desired probability noting that o = v/3/2. Thus,

P(|X — pux| < 150x) = P(|X —3/2| < 3v3/4)

p (6—5\/3 ¥ 6+3\/§>

<X <
4

6433
—pP (1 <X < 6+j"/§> = 3/ Y — 0.954
1

Note the lower intgration limit of 1 according to the domain of X, which was
necessary to use since (6 — 3v/3)/4 = 0.954 < 1.

(e) According to Chebyshev’s inequality

1\2
P(X —ux| <1lbox)>1-— <1—5) ~ 0.556

Although consistent with the correct value found in (d), the estimate computed
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based on Chebyshev’s inequality may appear as very inaccurate. Yet, Chebyshev
provided a way to estimate the probability based on so little available informa-

tion, which is nothing short of remarkable.

Solution 3.25

/ T EIX Y = ylfy(n)dy

oo

_/“’ U“’ :cfx|y(l’!y)dl’] f (w)dy

/ / zfxpy (@ | y) fy (y)dady

=[] atsrie.pdody
_ /_Zx V: ny(x,y)dy] dz

= /_OO vfx(z)dr = E[X].

[e.9]

Solution 3.26 We can model the parameter ) in terms of a uniform random variable
Z with PDF

faA) =2, for1 <\<1.5.

The conditional distribution, PDF fyy (A | ), captures the available information
about A.

Note the continuous form of Bayes’ rule:

fx(x

(vl)

) frix
fX\Y($|y) Fr(y)

Then, we can express the conditional PDF for A|Y')as

f ()\ | y) f/\( )fY\A(y ‘ )\) _ 2 \e— M
AlY S I frnly [8)dt — [32 9pe-tay

for 1 < A\ < 3/2. Calculation of the integral is left as an exercise.

Solution 3.27 We have Y = S + N. Note that conditional on S = s, the random

variable Y has a normal distribution with mean s and unit variance.
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Now, applying the Bayes rule in continuous form, we obtain

—(y—1 2 2
P(S=1]Y =y) = ps(Wfyis(y [ 1) _ Fe
N T Iy () TP _e—(y-1)2/2 4 1R o —(y+1)?2/2
ver Van

After some simlifications, we get

P(S=1]Y =y) = pe?
N —Y ~pev + (1 —plev

It should be noted that the probability P(S = 1 | Y = y) tends to zero as y
decreases to —oo and approaches 1 as y increases to co. Also, P(S =1 |Y =y),

is monotonically increasing in between, which agrees with intuition.

Solution 3.28 (a) We check if the PDF integrates to 1:

00 00)\7)\‘| 1 00 . 1
== - z :2'— r :2—:1
/_Oofx(x)dx /_0026 dx 2/0 e Mdx 5

where we have used the fact fooo Ae **dz = 1, which is the normalization prop-
erty of the exponential PDF. By symmetry of the PDF, we have E[X] = 0. Fur-
thermore,

oA & 2
FE [X2] = / 362567’\|x|dx = / 22 Ne Mdx = v
- 0

where we have used the fact that the second moment of the exponential PDF is
2/)\2%. Therefore,
var(X) = B [X?] — (E[X])* =2/)\?

The expression, %e‘”x‘, represents the PDF of the Laplace distribution.

Solution 3.29 (a) We first calculate the CDF of X. For = € [0, ], we have
Fy(a) = P(X <a) = T2 — (2’
x(@) = PX <o) = 5= (7)

For z < 0, we have F'y(x) = 0, and for z > r, we have F'x(z) = 1. By differentiat-
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ing, we obtain the PDF

fe(o) 3—92“, ifo<z<r
I _—
* 0, otherwise.
We have
/ —dw =
Also
/ —dx =
o)

2 4rr g
var(X) = E [X?] — (E[X])* = T 9 T8
(b) The player gets a positive score in the range [1/¢, c0) if and only if X < ¢, and
otherwise he gets a score of 0. Thus, for s < 0, the CDF of S is Fs(s) = 0. For
0 < s < 1/t,we have Fs(s) = P(S < s) = P( player’s hit is outside the inner

circle)=1-P(X <t)=1- 7% For 1/t < s, the CDF of S is given by
Fs(s)=P(S<s)=PX<t)P(S<s| X <t)+ P(X >t)P(S<s|X >1).

Wehave P(X <t)=1¢t*/r?, P(X >t)=1-t*/r?andsince S = 0when X > ¢
we have P(S < s| X > t) = 1. Furthermore,

P(S<s|X<t)= P1/X <s|X <)
P(1/s < X <t _ (wt? — w(1/s)?)/(7r?) b
P(X <t) 7t?/(7r?) s2t2

Using the above results, we obtain

2 1 t? 1
P(S<s)= 2(1——) - —=1-—55

r 72
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Summarizing the results of the preceding calculations, the CDF of S is

0, ifs<0
Fs(s)=q 1—-t3/r?, if0<s<1/t
1—1/s%r% if1/t<s

Solution 3.30 Integrating the bivariate PDF

/ / fxr(x,y)dedy =k / / T + y)dxdy
= k:/ ( +xy) dy
0 2 =0

2
:k/ (2+2y)dy =8k =1
0

Thus k = . (b) By Eq. (3.30), the marginal pdf of X is

fx () :/ fxv(z,y)d —/ (z +y)dy

2
_ 1 Y
—8<xy+2>

since fx,(x,y) is symmetric with respect to = and y, the marginal pdf of Y is

H:{ lz4+1) 0<z<2

y=0 0 otherwise

f(y)z zll(y‘f‘l) O<y<2
' 0 otherwise

(c) since fx,(x,y) # fx(x)fi(y), X and Y are not independent.

Solution 3.31 (a) We have

[e.e] o0 1
/ / fxr(z,y)dady —/ / e Ve Vdrdy
o Jo y
/ (/ e_m/ydx) dy
0 0
/0 ye—x/yh;o} dy
/ e Ydy =1
0

@I»—‘wﬁh—*
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(b) We find the marginal pdf on Y.

fx(@,y) _{ set Y e >0,y >0
0

otherwise
Then - w1
PO 11Y =)= [ favlode = [ el
1 1Y
= — efx/y‘zz(l)o — efl/y

Solution 3.32 Let X be a random variable with the Poisson distribution having the
PMF:
P(X =1z) = exp(—=A)A\"/z!

Note that £(X) = V(X) = u, that is the expectation and variance of the Poisson

distribution are the same and equal to the parameter of the distribution.

Next, assuming that x is large, we approximate the histogram of X with a Gaus-

sian distribution with density

fx(r) = \/12—7Texp (_%)

by setting x to i and also equating o2 with f.
The expression for fx reduces to:
Fre(@)lems =
T)|pmpy = ——.
* YVer
This value is then equated with P(X = z)|,—, to get:

1
exp(—x)z" /z! = —,
p(—e)a” /ol = ——=
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and from here the Sterling formula follows directly:
~ V2r exp(—x)z®

Solution 3.33 (a) We start from

x—,u)

P(X<z)=Pu+oZ<z)=P(Z<
o

Next, in terms of CDF, and PDF, this implies Fx(z) = Fz((z — p)/o) and by
differentiating, fx(z) = (1/0)fz((z — u)/o).
(b) Let Y = X°. Then,

—1 _ ;exp _(yl/t’; _ N)Q 1
o2 252 5y4/5‘

(c) We have that ®(z) = —= [*_¢~*/2dt. Then,

Pla<X <b) = P(X<b)—-PX—a)

= Pz —p)/o<(b-p/o)) =Pz —-p)/o<(a-p)o))

= P(Z<(b-p)/b) = P(Z < (b=p)/a)
(

= O((b—p)/b) = ((b - p)/a).

|
e,

(d)Here,Y =aX +b,s0 EY = aE(X)+b=apu+b.
Furthermore, V(Y) = V(aX + b) = V(aX) = a®V(X) = a?c*.
(e) Moment generating function is given as G(t) = et’.
Then, G, (0) = 2te'’|,—o = 0. Thus, EZ = 0.

Moreover, Gy (0) = (4t%e"” 4 2te'") |, = 2 = E(Z?).

Hence, V(Z) = E(Z?) — (EZ)* = 2.

Solution 3.34 (a) The probability distribution function of Y is given by

PY <y)=P(=vy <X <)

S A
2P dr — — e 2% dx
2m 2m J—
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Now we differentiate P(Y < y) to get the probability density function of YV’

1 ., 1 1

= e 2Y + €

9(y) 2 o T Vo

L tetv fory >0
e

1
2Vy

1
—5Y

Note that g(y) = 0 otherwise. This shows that Y has a gamma density with
shape parameter % and scale parameter

(b) Noting that P(Y < y) = P (|X| < ¢?) for y > 0, it follows that

PY<y=P(-y<X<y)=2(y’) -2 (~y’) fory>0
Let ¢(z) = \/%e’%l’?.

Differentiation of the distribution function P(Y < y) yields the density function
of V:

The derivative of P(Y <) is

(8/7?)\/%(y+1)(1—%(y+ ) % —/1—9y? for —1<y<1.

Hence the probability density function of Y is given by ¢(y 2\/1—y?, for
—1 <y < 1,and g(y) = 0 otherwise.

Solution 3.36 We use moment generating functions for the proof. Now, let

X, ~ Poisson(n), forn=1,2,....
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Note here, that instead of the customary A, we use n to indicate only the integer
values of the parameter of the distribution. That’s because we are interested in
large values of A\, where large integers are precise enough to describe the mean
and also to tie the increasing parameter with the limiting sequence of random
variables we use below.

Then, the PMF of X, is

T ,—Nn

n-e

Ix.(x) = r=0,1,2,...

z!

The moment generating function of X, is
My, (t) = E [¢"] = e"(et_1>, for — oo <t < o0,
Note that taking the limits of X directly is not helpful since

lim My, (t) = lim ¢"(“ ) = oo
n—oo n—oo

Instead, we work with a standardized version of the Poisson random variable

% and derive its limiting moment generating function

n—oo n—oo

= lim exp(—tv/n)E {eXp (%ﬂ

= lim exp(—ty/n)exp (n( tvn _ ))
n—oo

= lim exp (—t\/ﬁ +n (tn_1/2 + 207 /2 + t3n—3/2/6 4. ))

n—oo

) X,—n
lim Mx, .y/va(t) = lim E {exp (t- Tn )]

= lim exp (¢*/2 + 30712 /6 4 - )
n—oo

=exp (t*/2) —oo<t< o0,

Now, the result is the moment generating function of a standard normal random
variable. However, this result also means that the original X,, has a limiting

distribution that is normal with mean n and variance n.

Solution 3.37 Let the X denote the original lifetime of the bulb. To calculate the
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desired probability

P(X >s+1)

PX>s+t|X>s)= PX > 5)

we need the probability distribution of X. We do not know which manufacturer
the bulb is from, but can condition X on the events that it came from either.
Let A, A, be the events that the bulb was manufactured by A or B, respectively.
Then, applying the law of conditional probability,

= pre "M 4 pre . foraz > 0.

This gives

—pa(s+t) —p2(s+t)
P(X>s4t|X>s)=DC + Pac

pre=is 4 pyeis

Solution 3.38 The marginal density of X is given by
fx(z) :6/ (x —y)dy =32 for0 <z <1,
0

and fy(z) = 0 otherwise. Likewise, the marginal density of Y is given by
1
Frlo) = [ Ferlaa)dy=6 [ @ yde =3 6y 43 foro<y<L
Yy

and fy(y) = 0 otherwise. An easy calculation finds that

E(X)=3/4, o(X)=+3/4, EY)=1/4, oY) =/3/80

1 T 1
E(XY) :6/ d:L‘/ xy(x—y)dy:/ ztdr =1/5
0 0 0

(X,Y) = L5 = (3/4) < (W) _ 149

(1/4)v/3 x 1/3/80

and

Finally,
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Solution 3.39 (a) The exact value of the probability, P(S,, < a), we obtain from:
~ (1 & n—k (36 36
P(S, <a) = % (k)p (1—p)*= % (k)(l/Q) — 0.8785
since n = 36,p = 0.5.

(b) Using the CLT:

P(S, <a)=® (i(s")) s (a——m@) — d(1) = 0.8413.

oy sqrtnp(10p)

Here, ®(z) = P(Z < z) = 1/V/2n [ exp(—z*/2)dz, with Z having the standard
normal distribution. .
(c) Using deMoivre-Laplace approximation, we have:
1/2 — —-1/2 —
Plh<S, <h~o | TH2Zm) g (k=1/2=mp
np(1 —p) np(1 —p)
In our case,

[+1/2—np

P(S, <21) ~ ® (
np(1 —p)

) = ®(1.17) = 0.879,

since the second term, ®(—o0), is zero.

Note that deMoivre-Laplace approximation allows for the computation of prob-
ability for a single value of the approximated binomial variable. For example,
P(S, =19) =~ ®((19.5 — 18)/3) — ®((18.5 — 18)/3) = 0.124, what is close to the
exactly calculated probability (37)(1/2)%6 = 0.1251.

Solution 3.40 We start by considering a well defined event in the sense that it has

non-zero probability. Let B = {y <Y < y + ¢}, where ¢ > 0. Then,

P(B) = Py <Y <y+e}) = / " e

Thus, P(B) is non-zero as long as fy > 0. Now, we can write the Bayes rule in

105



Introduction to Probability and Stochastic Processes

the following form:

P(BIAYP(A) Ply<Y <y+e| AP(A)
PAly <Y syt == = py<v<yio

Furthermore,
y+e
Py <yrdd)= [
Yy

and pie
P(y§Y§y+6)=/ fr(t)dt
Yy

Now, taking the limit, as ¢ — 0

limP(A]y <Y <y+e) =PA]Y =y)
li_{% f;ﬁe fyia (t)dt = fyja(y)e

. y+e _

lim [ fy () dt = fy (y)e

we get the following version of the Bayes rule:

_ fY|A(y)P(A).

FAlY=1) fr(y)

Solution 3.41 In order to find the distribution of Y = ¢(X) = aX + b we can work
with the result that fy (y) = fx(¢7*(2))|dz/dy|. Thus, we have

Fr(@) = e e?/20?
2mo

and also ¢g(z) = ax + b, |dx/dy| = 1/|a|. Therefore,

LMw—ih(””)

~ al a

11 y—b L
= ———expqy— (| — — 20
la| v 2mo p{ ( a u)/ }
L { (y—b—aﬂ)z}
X —_——_
V2rlalo P 2a%0*

We recognize this as a normal PDF with mean ay + b and variance a?c?, that is,
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Y is a normal random variable.

An alternative way to determine the distribution of Y is to note that the normal
distribution of X is characterized by two parameters, u = E(X) and 02 = V(X).
Here, we have F(Y) = E(aX +b) = au+ b, and V(Y) = V(aX + b) = a®c?).
Thus, the distribution of Y has exactly the same parameters as obtained above,
that is,

Y ~ N(ap + b,a*c?).

Solution 3.42 Bus arriving times have a joint density f(z,y) = fx(z)fy(y), which
factorizes since X and Y are independent.
Note that fx(z) = 1/ta forz < t4,and fg(y) = 1/tp fory < tg.

Let bus A arrive at time x,0 < x < t4. Then, A will arrive first in case that bus B
arrives at a time between x and ¢ 5. This happens with probability (5 —z)/tp) =
1-— .CE/tB.

Let F be event that A arrives first. Then, P(E|X = z) = 1 — z/t. However,

P(E) = / P(EIX = a) fx (t)dt = / (1= aft)(1/t)dt = 1 — t4/(215).

Solution 3.43 To check independence we find the marginal densities of fx and fy
noting that 2% + y? < 1. Then,

V1—z?
fx= / 1/mdy = 2V1 —a?/m
it

. Likewise,
fy =21 —y*/m.

It’s obvious that f(z,y) = 1/7 # fx(x)fy(y), thatis, X and Y are not indepen-
dent.

Solution 3.44 This problem may hint at convolutions for sums of random variables,
however, the solution to it is quite simple. Note that all involved random vari-
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ables have identical distribtuion (standard normal) and are also independent.
Wewantto find, PW +X >Y +Z+1)=PW+X-Y —-Z>1).

Then, T'= W + X — Y — Z is also a normal random variable (as a sum of normal
rv-s) and thus has the mean, F7 = E(W + X —Y — Z) = 0. Also, V(T') =
VIW+X —Y — Z) =4.

Now, normalize 7" such that Q) = (T' — ET)/or) = T/2.
@ has a normal distribution with mean zero and V(Q) = (1/2)*V(T) = 1.
In other words @ is a standard normal rv.
Hence, P(T'> 1) = P(2Q > 1) = P(Q > 1/2) =1 — ¥(1/2) = 0.3085.
Solution 3.45 Let Y denote the area of the circle, where Y = 7.X?, where X is uni-

formly distributted on [0, 1], with density fx(z) = 1, for (0 < = < 1) and
fx(z) = 0 otherwise. The range for Y is 0 < y < , so that

y/m

Fe(y) = P(Y <) = P(X < /y/n) = / dr = \/y/r,

where X is uniformly distributed on (0, 1). The density function of X is given by
f(x) =1 for 0 < x < 1 and f(x) = 0 otherwise.

Now, differentiate the Fy (y) to get the density function, fy (y) of the area of the
circle:

, for 0 <y < 7, otherwise 0.

fr(y) = ﬁ

Solution 3.46 (a) The probability distribution function of Y is given by
Fy(y) = P(Y <y) = P(—Vy < X <\/y)
S AR J 1T [TV y
= — e 2 dr — — e 2" dx
V2T /_oo V2 /_oo
We then differente Fy (y) to get the probability density function of Y

_1 _1 11
e 2Y -+ e 2Y = yze 2Y,  fory >0,

W= e st T T e
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and g(y) = 0 otherwise. We recognize that Y has a gamma density with shape

parameter 1 and scale parameter 1.
(b) Note first that, given Y = /| X|, we have that P(Y < y) = P (|X| < ?), for
y > 0. Then it follows that

Fr(y) =P <y) =P (- <X <y’) =@ (y") - (=y*), fory=>0.

Again, differentiate Fy (y) to get the density function of Y’

4y

eV for y>0
2w

fr () =2y (v*) + 240 (—y*) =

and is equal to zero otherwise. Note that ¢(z) = d®/dz = —-¢~2%".

V2r
Solution 3.47 (a) We need to evaluate
1 —Vica?
BE(X*+Y?) = // f(z,y)dzdy = 17r/ / dxdy
A “1_yima?

Note that the area over which to evaluate the integrals is that of a unit circle

with the center in the origin of the coordinate system.
One of the ways in which we can proceed is to use the substitution x = rsinf,
y = rcos, implying z? + y* = r?drdf. Therefore,

2 1
E(X?+Y? = 1/7r//r2drd0 =2/3.
0 0

(b) Note that by symmetry, the answer is the same in each octant. Therefore

w/4 1
1 1 1
gE(X/\Y)://yf(x,y)dxdy:—//Terdﬁzg—(l—l/\/?)
T T
O<z<y 0 O

Thus, E(X A\Y) = £(1-1/V2)

(c) Let A = F(X?/(X?+Y?))and B = E(Y?/(X? + Y?)). Again, note the
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symmetry here, as A = B and also A + B = 1. Thus, F(X?/(X? + Y?)) =
EY?/(X?+Y?)=1/2

Solution 3.48 (a) We need to evaluate EX, FY, E(XY'). Again, the area over which
to evaluate the integrals is that of a unit circle with the center in the origin.
Intuitively, we should get the result EX = EY = 0 (why?). Let’s compute EX

1 V1—22 1
B(X) = l / Foy)dady = 1/x [ _ ﬂ/_— vdudy = 2/ [ /1= 2de.

Note that z+/1 — 22 is an odd function, hence this integral is zero. Similarly, we
obtain £Y = 0and E(XY) = 0.

(b) The result, E(XY) = 0, tells us that X and Y are uncorrelated. However,
they are not independent. We can see that by comparing the joint distribution

f(z,y) =1/mon (0 < z,y < 1) with the marginals which we compute as follows.

Wi
fx(x)==1/7m / dy =2/mv1 — 22
Vi

Likewise, fy(y) = 2/m+/1 — y?. We see that fx(z)fy(y) # f(z,y) = 1/7. Hence
X and Y are not independent.

(c) Now, EU = E(|X]) = E(V),

1 7/2

EU = E(X]) = 4/7?/ / 2 cos Odrdd = 4/(37).

Also,

1 7/2

EUV)=E(XY]|) = 4/7?//r?’cos€sin0drd9 =1/(2n).

Thus, cov(U,V) = 1/(2m(—(4/(37))* < 0, that is, U and V are negatively corre-
lated.
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Solution 3.49 (a) To compute fy(u),

fo(u) = /uoo flu,v)dv = e

Thus, U is exponential rv with parameter 1. Then

f(u7 U) uU—v

fVIU:fU(u):G . v>u

so the conditional density of V' given U = u is exponential on (u, o), with pa-
rameter 1. Again

fv(v) = / fu,v)du = ve™
0
This is a gamma density. Then

1
fU\V:ﬂu’U) =—, O<u<vw

fv(v) v

so the conditional density of U given V' = v is uniform on (0, v)

Note that .
P(X <o) = [ POX <alY = y)fily)dy
Therefore,
P -U<y) = [ PV U<y U=l
0
Now
y+u
PV-U<y|U=u)= fviw(v | u)dv
=ett(e—e V) =1—e"
Finally,

P(V—Ugy):/ (1—e¥)e“du
0
=1—-e"Y

since this is the distribution function of an exponential random variable, it fol-
lows that Y = V' — U has density e V.
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Since (P(V — U < y) does not depend on v, it is also true that U and V — U are

independent.

Solution 3.50 Let X ~ Exp())and Y ~ Exp(yx). Then,

P(X < V)= /OOO P(X <Y |Y = ) fr(y)dy

— / (1—e™) pe "dy
0
14 A

A A+p

Another way to get the same result would be to use a double integral, however,
we know (by now) the CDF of an exponential randoma variable and are free to

use it directly.
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Solutions to Exercises in Stochastic Processes

Solution4.1 (a) We have,

_ZnE X1)pn(n) = E(X)) ZHPN

— B(X,)E(N).

(b) Let’s find the moment generating function (MGF) of T

My (t) = E(exp(tT)) = E[E(exp(IT|N))] =
(B2 = BIB(e™) .. B(e™™)]

()] = E(Mx(t)") = Gn(Mx(1))-

E
E
We use the result, Mr(t) = Gn(Mx(t)), to find ET*:

/

ET = My (0) = Gy(Mx(0))M(0)) = E(N)E(X),
since G'y (1) = E(N), Mx(0) = 1, and M%(0) = E(X).
Note that for the sake of notational simplicity we used £(X) instead of £(X;),

as all F£(X;) are equal since X; have identical distributions.

Solution 4.2 (a)
M(t) = E(e™) =) ee M k!

Z t/\ /k:' — oA — A1)
k=

(b) E(X) = M/(t)ltzo — Aete)‘(e _1) = )\

E(X2) = M"(1)|i—o = (Ae!)?eX' =D 4 AefeXe' =D = \2 4\,

Therefore, V(X) = E(X?) — (E(X))* = \
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Solution 4.3 (a)

M(t) = E(e!¥) = / e he Mdr = \ / e dr = /(X —t).

0 0
Note that M (t) is defined only for ¢ < A.
(b) Now, M'(t) = ‘N/(A —t)? and M"(t) = 2X\/(\ — t)2.

Hence, F(X) = M'(0) = 1/\; E(¥2) = M"(0) =2/)*,and V(X)) = 1/\%

Solution 4.4 (a) No. The second row sum is greater than one.
(b) Yes. Probabilities are non-negative, rows sum to one.
(c) No. Not a quadratic matrix.

(d) No. Negative entries.

Solution 4.5 (a) (0.5)(0.6)* = 0.00648; (b) (0.3)% + (0.3)(0.5) + (0.4)(0.2) = 0.32;
(c) Probability of cloudy Tuesday is 0.2.
P(X; =C|Xo=R,X,=8)=P(X2=25,X, =C|X, = R)/P(X2 = 5| X, = R).
Therefore, {X, = S} N {X = C} = () implying that the desired probability is
zero. This does not contradict Markov property, because the future is informa-

tive here, the past is not.

(d) Solve the following system of equations, using also the fact that w; + wy +
W3 = 1.
0.611]1 + 05?1]2 + 04?1]3 = W1

0.2w1 + 0.5ws 4 0.3w3 = wo

0.2w; + Owsy + 0.3w3 = w3
The solution is w = (7/13,4/13,2/13).
(e) Expectation of the number of days between two sunny days is pyrzr — 1 =
13/2—-1=11/2.

(f) Let p be the probability of staying cloudy (event L). Then, P(L = 1) = p'~}(1—
p). Thus, E(L) = 1/p= 2.

115



Introduction to Probability and Stochastic Processes

Solution 4.6 (a) The set of states of the chain is irreducible and regular.

(b) The stationary distribution = = (m;, 7o, 73) satisfies 7P = 7. Thus,

0.671'1 + 0.571'2 -+ O.47T3 = T
0.27T1 + O.57T2 + 0371'3 = Ty
0.27’(’1 + 071'2 + 0.37T3 = T3

Solving the system (taking into account that m; + m + 73 = 1) give the unique
stationary distribution = = (4/19,6/19,9/19).

(c) The number of steps between two returns to Ais £(74(1)) = 1/m4. Therefore,
E(ra(1)) = 19/4

Ta(1)
(d) The number of visits to B between two consecutive visitsto Ais £( Y 1{z; =
k

B}) :WB/WA = 6/4
(e) lim 1/n> ") f(Xx) = 3 fim. Here, f(A) = 1,f(B) = 2,f(C) = 050
n— 00 A,B,C

10000 10000 10000
M= Y f(Xp)~10001/10000 > =~ Y (4/19(1) + 6/19(2)) ~ $8422.
k=0 k=0 k=0
Solution 4.7 (@) Let Z,,1 = X1 + Xo + ...+ Xz .
(b) We want to find the probability generating function, G,,,; = E(S%+!). Thus,
Gn+1 (5) = EZn+1 (SZ"+1) = EZn (EZn+1 (San ‘Zn»
— EZn (E(SX1+X2+---+XZn |Zn))
= E([E(s)]")) = Gu(Gx(s)).
Note that F(X;) are the same for all 7, hence we use X instead of any X, or any
X; to simplify the notation.
(c) We need to show that F(X,, 1) = nF(Z,), where u = E(X;),i =1,2,.... We
start, from the expression for F(Z, 1) = E(X; + ...+ Xz, ). Then by the law of
double expectation, we have
Eyz . =Ez (E(X1)+...+X2,17,))=Ez (E(X1)+...+ E(Xz)|)
=E, (Z,FE(X1)) = E(X1)E(Z,) = uE(Z,).

n+1

(d) Need to show that E(Z,) = u", where u = E(X;),: = 1,2,.... Note that
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Z():l,Zl:Xl,ZQ:X1+X+2+...—|—X21Then,

E(Z) = BE(X)) =

BE(Zy) = B(X: + +EXZI)
= E(E(X, +.. +EXZ1|Zl))
= B(ZE(Xy)) = nk(2)) =

Similarly, £(Z3) = p?® and a simple induction argument proves that indeed,
E(Z,) = p".

k
Solution 4.8 We have the distribution, P(X ( %, k=0,1,2,...,and

want to show that
1—2m—2(1—2"1Y)s

1—2nl —2(1 —2n)s’
For n = 0, Go(s) is the PGF of the distribution of the size of the zeroth genera-

tion, which is a constant equal 1. Thus we have, Go(s) = >, P(Xo = k) = s,

Gn(s) =

because the only non-zero termis sP(Xy, = 1) = s.

We also find the PGF of X, which is the distribution for the first generation:

=D " (2/3)%(1/3) = (1/3) ) (2s/3)" = (1/3)/(1 — 25/3) = 1/(3 - 25).

k>0 k>0
Now, check that the expression for G,,(s) satisfies the casesn =0andn = 1:

1—27 —2(1—2"1)s
1— 201 —2(1 — 27)s

| 1—20—2(1—20"Y)s
n= g = S.
07 12041 —2(1 — 20)s

Gn(s) =

1— 27 —2(1—2"1)s
1— 21 —2(1 — 27)s

1—2'—2(1—21"Y)s

Gnls) = 1241 —2(1— 21)s

—=1/(3—2s).

|n:1 -

The induction step: assuming that the expression G, (s) holds for n, we show
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that it also holds for n + 1.

Gnr1(s) = Gn(G(s)) = Gn(Gx(s)) = Gn(1/(3 — 25))
Cl—2n—2(1—2"71) /(3 - 2s)
1= 2ntl —2(1 —27) /(3 — 2s)
1 — 2+t —2(1 — 27 1)s

1— 271 —2(1—27)s
Thus, the expression is correct also for n + 1 and thereby for any n.
(b) E(Z,) = u" = (EX)" = (G5 (1))" We know that
Gy (1) = (1/(3 = 28")|s=1 = 2/(3 — 25)*|s=1 = 2. Thus, E(Z,) = 2™.
(c) Probability of extinction by n-th generation is
P(Z,=0)=G,(8)]s=0=(1—-2")/(1 =2 ) n=1,2,....

(d) Probability of ultimate extinction is

P(lim Z,) = lim(1 - 2) /(1 - 2"+1) = 1/2,

Solution 4.9 Let the following matrix be Markov.

P11 P12 - Pim
P12 P22 - DPom
P=lpyl=1| " . .
L Pm1i Pm2 *°° Pmm ]

Note the property of a Markov matrix: Z;’;l pij = 1,foralli =1,2,...,m, which
simly says that the Markov chain is guaranteed to move to some state starting
in any state. Now,

P11 P12 Pim 1 1
P12 P22 DPom N
i Pm1i Pm2 *°° Pmm 1 L 1 i i 1 |

Using compact notation, we have Pa = a. where o’ = [1 1 ... 1]. Multiplying on
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the left both sides of the above equation by P, we obtain
P?’a= Pa=a

which indicates that P? is also a Markov matrix. If we repeat the multiplication

by P it’s obvious that P"a = «a, in other words, P" is also Markov.

Solution 4.10 This Markov chain has three states, D, M, and F, corresponding to
the levels of exam difficulty.

D M E

D0 1/2 1/2
P= M| 1/4 1/1/2 1/4
E\1/4 1/4 1/2

The chain has a single recurrent class, which is aperiodic. Based on the fact that
in the steady state we have w = wP, the balance equations can be read directly

from the matrix
wy = 0wy + (1/4)wy + (1/4)ws

Note that the system is underspecified in the sense that one equation follows

from the other two, so we use the additional piece of information, which is that
all steady state probabilities sum to 1, w; + wy + w3 = 1.

The solution is w = (1/5,2/5,2/5).
Solution 4.11 By the definition of the stationarity w = w P where w is the stationary

distribution. Then, for w = (w;,wy) and given P we have (w,wy) = (ws, wy),
that is w; = ws, and from w; + wy = 1, it follows that w; = wy = 1/2.

(b) Find lim,, ., P™. Multiplying P by itself we see that the result alternates be-

tween i )
P" = 0 1 forn=1,3,5
— _1 0_7 n = A R B
and i} }
|10 B
P =l o 1_,forn_2,4,6,...

Therefore, the limiting distribution does not exist.
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Solution 4.12 Assume thst all states 1,2, 3, ..., n are transient. By definition of tran-
sience, after a finite number of steps the first state will not be visited any more.
The same holds for the second state and then for the n-th state. Then it follows
that after a finite amount of time no more state will be visited. This is a clear
contradiction as the chain must be in some state. Hence a finite state Markov
chain must have some recurrent states.

Solution 4.13 (a) We want to decompose the stochastic matrix P sothat P = EAE™!,
where E is a matrix whose columns are (right) eigenvectors of P. Note that
P = EA"EL.
We first find the eigenvalues in the usual way. Note that we know that one eigen-
value is 1 because P1 = P given that raws of P sum to one.

We find eigenvalues from the customary characteristic equation of P that fol-
lows from (P — A\I)v = 0, where v is an eigenvector. Then, the expression is zero
if the corresponding determinant is zero.

A—(1-a) —a
b A—(1-b)
—(A=1D(A—14a+b) =0

I\ — P| =

Thus, the eigenvalues of Pare \y =land \y =1 —a —b.

The next step is to calculate eigenvectors, and when all the dust settles down
(after doing straightforward yet somewhat tedious algebra) we get:

L RSl )

(b) It’s easy to see that for 0 < @ < 1,0 < b < 1,then0 < 1 —a < 1 and
|1 —a — b| < 1. Therefore, lim,,_,oo(1 —a —0)" =0

1
lim P" = {ba}

n—00 a—|—b b a

Solution 4.14 (a) Recall that the stationary distribution, p, satisfies the equation
pP = p. Thus, we have

s
o>

DN [ = | = ||

[pl [pl pZ}

Nl oo TS

3

N

[E—
| — |

_
|

which yields
%pl + %p2 =pn
lepl + %P2 = P2
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Each of these equations is equivalent to p; = 2p,. since p; + p, = 1, we obtain

]

(b) since the Markov chain is regular we know that lim P" = P. Note that the

n—oo

wino
W=

p=|

rows of P are identical and equal to the stationary distribution.

3 1" P 2 1
nmpn:nm{% 31} _H_{ }

(c) Setting a = } and b = ; in the expression for the n-th power of P, we get

NONE ]
-

-

SIS
LI
wWINow |

since lim,, ., ()" = 0, we obtain

lim P* = lim [

n—o n—oo

Y
O DD

W=
—_

DN [ = [ =

Solution 4.15 For7t <t

PIT, <7 X(t) =1]
PX(t) =

P <r|X(t)=1] = ]
_ PIX(7) =1, X() - X(r) = 0]

which implies that 7} is uniform over (0, ¢).

Solution 4.16 Let 7y, 7, ...bether.v.’s representing the lengths of interarrival times
in the Poisson process X (t) First, notice that {Z; > t} takes place if and only if
no event of the Poisson process occur in the interval (0,¢), and thus, knowing
that py(t) = exp(At), or

P(Z, >t)=P{X(t) =0} =e M
Frt) =P(Z <t)=1—eN

Hence 7, is an exponential r.v. with parameter \. Let f(¢) be the pdf of Z;. Then
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we have
m@>w_/m@>ua_ﬂﬁmm

:/PM@+ﬂ—Xﬁﬁﬂm&MT
=e M / fi(r)dr = e

which indicates that Z, is also an exponential r.v. with parameter \ and is in-
dependent of Z;. Repeating the same argument, we conclude that 7, 7, . . . are
iid exponential r.v.’s with parameter .

Solution 4.17 By Pigeon hole principle which says that if n pigeons return to their
m(< n) home (through hole), then at least one home contains more than one
pigeon.

Consider any path of states iy = 4,iy,--- ,i, = j such that P, ;, ., > 0. Call this
a path from i to j. If j can be reached from i, then there must be a path from
i to j. Let ig - --- ,1, be such a path. If all of values i, --- ,4, are not distinct,
then there must be a subpath from i to j having fewer elements (for instance, if
i,1,2,4,1,3, jisapath, thensoisi, 1,3, j). Hence, if a path exists, there must be
one with all distinct states.

Solution 4.18 Let Y denote the first passage time to the state j starting the state 7 at
time 0.

PL=P (X, =j|Xo=i)

=) P(X, =Y =k|Xo=1)
k=0

=Y P(X,=j|Y=kXo=0)P =k|Xo=1)
k=0

:ZP(Xn:j\Xk:j)P(Y:MXO:Z-):ZPjr}—k 1;
h=0 k=0

Solution 4.19 (a) The reverse time chain has transition matrix

~ P,
P, =it

T

To find it, we need to first find the stationary vector 7. By symmetry (or by noting
that the chain is doubly stochastic), 7; = 1/n,j = 1,--- ,n. Hence,

e 5 ifj=i-1
F’ij—TrjPﬂ/Trz_Pﬂ_{l—p ifj:i—f—l
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Solution 4.20 (a)

Z P = E [ number of visits to j | X, = i
n=1

= E [ number of visits to j | ever visit j, X, = i] f;;
= (1 + E [ number of visits to j | Xy = j]) fi;

=2 <
1= fj;

since (14 number of visits to j | X, = j) is a geometric rv variable with mean
1
1=fjj
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Exercises and Solutions

This solution manual is based on the set of problems the
author collected during many years of his professional work
on statistical modelling and analysis, both in industry and
academia. Some exercises in particular come from the
material he used while teaching the undergraduate courses
in Probability Theory and Stochastic Processes at the
National University of Ireland, Galway.

Most of the problems found in this monograph are
standard in the sense that they (or their versions) can be
found in a myriad of textbooks and course syllabi with
similar exercises and solutions. Although the text doesn’t
claim to formulate new problems, the manual provides a
collection of highly detailed solutions and answers. This
serves as a nod to the students who are struggling to cope
with the subject matter (and who doesn’t at times?) who are
eager to understand all the steps of reasoning and
derivations employed in the solutions. In addition, the text
offers a balanced mix of problems: some of which are
solved using basic logic and computation, while others are
theoretical, and require rigorous proofs.
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