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The paper deals with some nonconforming planar elements which fulfill an interesting and useful property. Namely,
the elliptic bilinear form a(u,v) of any function u coincides with its finite element interpolation a(iyu,v) for v

belonging to the finite element space V), . This property is proved for second order boundary value problems and it is

applicable for some superconvergence FE algorithms. The common feature of considered cases is that the finite

elements have integral type degrees of freedom.
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1. INTRODUCTION
Consider Poisson’s equation
—Au=f in 0,
(1)
where A denotes the Laplace operator and 2

is bounded domain in R’. We also consider
Dirichlet boundary conditions

u=0 in 0L, 2)
where 02 is Lipschitz continuous.

To formulate the variational equivalent of
(1), (2), we define a variational space V :

V=Hy(Q)={veH'(2):v,,=0].
Here, H* (£2) is the usual Sobolev space
of order k and (-,-) denotes the inner

productin L,(£2).

The variational problem associated with
(1), (2) is given by:

a(u,v)=(f,v) Vver,
3)

a(u,v):HVu-Vvdxdy Yu,vel,
0

where

which is continuous on H’ (£2) and coercive

onV .
We approximate (3) by nonconforming
Finite Element Methods (FEMs). Let {7, } be

a family of triangulations of (2 such that any
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two triangles in 7, share at most a vertex or an

edge.

Let & be the mesh parameter, namely
h=max g .., hg, with hy being the diameter
of the triangle/rectangle K. We suppose that
the family of triangulations {7, } is quasi-
uniform [1].

Let V7, be the nonconforming piecewise

finite element spaces which we will precise.
Then V,cL,(€2) 1is the finite-dimensional

collection of the admissible functions defined
in four types finite elements, considered
separately. Since V), is not a subset of V' we

define the following bilinear form:

a,(u,v)= z ”Vu~Vvdxdy Yu,vel.
Kery K

So, the nonconforming FE approximate
problem is defined by:

ap(up, vy )=(f.vy) Vv, eV,
4)

2. NONCONFORMING FINITE
ELEMENTS

We consider nonconforming finite element
of following types:

ethe integral-type Crouzeix-Raviart element
(denoted C-R);
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ethe extension of C-R element (denoted EC-
R);

o the rotated Q; — element (denoted Q] );
o the extension of Q% (denoted EQ;"").

These elements are depicted in Fig. 1 below.
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Fig. 1

I. Linear Crouzeix-Raviart (C-R) element
of integral type

The piecewise interpolation functions
iyue Py=span{1,x,y} are formulated as

[iudi=[udl, j=123

lj lj

where /; are the edges of any triangle K €7,.

Il. Extended Crouzeix-Raviart (EC-R)
element of integral type
In this case ijue span{l,x,y,xz +y2} (see

[2]) are formulated under conditions

[ipudi=[udl, j=123
l; l

J J
”ihu dxdy = Hu dxdy,
K K

and /; are the edges of any triangle K e 7.

11. Rotated O, —element (Q}")

The piecewise interpolation functions

iyue span{ 1, x, y,x2 - y2 } are presented by

[iudi=[udl, j=1234,
j j
where /; are the edges of any rectangle
Ker,.
IV. Extension of Q] element (EQ;*")
This time we take ihuespan{],x,y,xz,yZ} and
Bk
[iyudi=[udl, j=1234,
/ I

”ihu dxdy = ”u dxdy.
K K

J

And, again, here /; are the edges of any rectangle
Ker,.

3. MAIN RESULT

Let us consider the variational problem (4).
We analyze a property of the form which is ne-
cessary for some postprocessing techniques from
theoretical point of view. Moreover, all the
elements presented in the previous section
fulfill the conditions of integral type which are
important to be satisfied in order to construct
and implement a patch-recovery postprocedure
accelerating the rate of convergence [4].

The next theorem contains the main result
in this paper:

Theorem 1. Let 7;, consist of nonconforming

elements K among those presented above by I-
1V (Fig. 1).

If ueHol(.Q), then for any veVv),

ap(iyu,v)=a,(u,v).
(6)
Proof. For veVl),, we have

ay(iu—u,v)= z ”V(ihu—u)-Vvdxdy
Ker, K

(7)

= > [[@tipu—u)aw+a,(iu—u)d,v)dxdy.
Ker, K
We adopt the following notations:
e When K is a triangle, the equations of the
edges are respectively:
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lj:x=xg+y—=y9 =01, :x—xy =—h;
l3:y=yg=-h,
where (x,,y,) 1s the midpoint of the edge
[; (Fig. 2a);
¢ In case of rectangular element the equations

of the edges are respectively:
11,'3 ) y - yO = $h"12;4 X — xO = $h,

where (x,,y, ) is the center of K (Fig. 2b).

4
(-"g » J’g ) f; (-\'g » J'g ) f
hd 2
? 4
4 4

(a) Triangular element  (b) Rectangular element
Fig. 2
L. C-R element
Having in mind that 0, ,v=const and
0 yv=const, we obtain:

Uax(ihu —u)o,vdxdy
K

= J.—J. (iyu—u)o,vdy=0.
I I

By analogy, for the second term of the right-
hand side of (7): [[@,(iyu—u)d,vdxdy=0.
K

Thus, for any veV,,, a,(iu—u,v)=0.

II. EC-R element
Since K is an incomplete quadratic element,
for velV) we can write:

v(X,y)=v(Xp,y9)+(x=xp) O V(x9,¥9)
+(y=y9) 0, v(x9,¥9)
+§(X—x0)2axx"(x0:y0) ®

1
+ E(y_yO)Zayyv(XO’yO)'

Then,
axv(x)y):(axv(x() ’y())+(x — X9 )axxv’
ayv(x’y)zayv(XO’y0)+(y_yO)any’

and in addition, 0,,v=0,,v=const.

Thus, we obtain:

Jjax(ihu —u)o vdxdy
K

=[[0,(ipu—u)ov(xg, v, )dxdy
K

+”6x(ihu —u)(x—xp )0 vdxdy
K

=0,(xg,¥9)| [=] |(iyu—u) dy

I I

+0 | [=] (ipu—u)(x—x,)dy
I b

—IJ.(ihu —u)o, vdxdy.
K

The first and the third terms disappear and then

”ax(ihu —u)0, vdxdy
K
=0v [ (x=xg )(iyu—u)dy+hd v [ (iyu—u)dy
I I
=0 v [ (x =0 )(iyu—u)dy.
i
By analogy,

Hﬁy(ihu —u)0,vdxdy
K

=0,,v [(y=yo )i —u)dx.
i

Then, from 0,v=0,v

v, we easily get

ay(izu—u,v)=0.

L. Q" element

In this case, the presentation (8) is valid and
besides

O v=—0,,v=const. 9

We calculate:
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[[ox(ipu—u)ovaxdy
K

axv(xo,y())[ -] ](ihuu) dy (10)

L 1y

I 14

+h6xxv£I+I J(ihu—u)dy

~[[Cipu—u)ovaedy =[[(ipu—u)d vaxdy.
K K
Using the same arguments, it follows that

Hay(ihu —u)0,vdxdy
K

:—”(ihu—u)ayyvdxdy.

K
(11)
Finally, from (9) we obtain

”V(iw—u)-VvdxdyzO
K

and therefore a, (iju—u,v)=0.

IV. EQ]” element

In this case relation (8) is fulfilled for any
vel) as well as (10) and (11).

Then
”‘V(ihu—u) -Vvdxdy=- H(ihu—u)Avdxdy.
K K

Having in mind that Av=const, the last
integral is equal to zero because of the
condition j j (iyu—u) dxdy =0 . Summarizing

K

overall Ker;,we get a,(iu—u,v)=0.

Thus, the equality (6) is valid for all consi-
dered nonconforming finite elements.

Remarkl. 4s a consequence from a Poincare
type inequality for these classes of functions
(see for example [5]) that

||u Ch||Vu—Vihu||L2(K).

_ih“||L2(K) <

4. CONCLUSION

The meaning of the equation (6) could be
explained by the following way. It is well known
[5] that in the convergence analysis of noncon-
forming FEM for the problem (3) we estimate

|ah(ihu—u,v)|éc|ih”—”|1,h |V|1,h’

where | is a first-order mesh-dependent semi-

' |1h
norm. Thus, equality (6) could be explored for some
superconvergence FE algorithms.

On the other hand, we do not claim the uni-
queness of the presented nonconforming ele-
ments verifying (6). In this way, the problem di-
scussed in this paper remains steel open.

Acknowledgement. This work is partially suppor-
ted by the Technical University of Gabrovo -
University Centre for Scientific Research and
Technologies under grant C1001/2010 and by
the Bulgarian Ministry of Science under grant
D 002-147/2008.

REFERENCES

[1] P. Ciarlet, Basic Error Estimates for the FEM,
Elsevier, Vol. 2 Amsterdam, pp. 17-351 (1991).
[21G. Tsanev, A New Integral Type
Nonconforming Finite Element, Proceedings of the
Students’ Scientific Conference — Gabrovo 2010
(to appear).
[3] Q.Lin, H. Huang, Z. Li, New Expansions of
Numerical Eigenvalues for —Au = Apu by Noncon-
forming Elements, Math. Of Comp. Vol. 77, No 264
(2008), pp- 2061-2084.
[4] O.C. Zienkiewicz, J.Z. Zhu, The super conver-
gence patch-recovery and a-posteriori error estimates.
Part 1: The recovery technique, Int. J. Numer. Me-
thods Eng., 33 (1992), pp. 1331-1364.
[5] S. Brenner, L.R. Scott, The Mathematical
Theory for Finite Element Methods, Springer-
Verlag, New York, 1994,

111-470 Meowcoynapoona nayuna kongpepenyua “VYHUTEX'10” — ['abposo



