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Abstract

In this work we have offered several theorems on oscillating and particular solutions of Hill’s equation which we
have not found in the well known monographs [1] and [2]. Namely, we have shown conditions under which Hill’s
equation is equation of oscillations. We have also shown that if the coefficient of the equation is periodic function with
the period 27t , then Hill’s equation also has periodic particular solution with the period 27t and one equation cannot
have two fundamental particular solutions with the same period. By using the first Liouville’s formula we have shown
that the poles of the first order of the coefficient ®(Xx) are simultaneously zeros of the solution of the equation, which is

used for solving many Hill’s equations. Namely, Hiss’s equation is most frequently reduced by substitution

Zdx
= ej to Riccati’s equation, so it is very important to determine the form of its particular solution.

y
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The equation of the following form:
y'+@(x)-y=0, (D
where ®@(x)is periodic equation, is Hill’s
equation which used to have and still has the
important role in theory and practice of
differential equations. According to the
monograph by Magnus, Winkler, Hill’s
equation, New York, 1965, only until 1960
there had been registered some 300
mathematic works on Hill’s equation and
about some 700 works on the application of
this equation in different sciences.

The main question which has been asked
through the history of this equation, almost
120 years long is whether and when the
equation (1) has periodic solutions, i.e. one
class of periodic solutions or all periodic
solutions, when we say that the solutions are in
coexistence.

The condition necessary for differential
equation to have periodic solutions if all
coefficients of the equation are constants or
periodic functions with the same period is
fulfilled with Hill’s equation. However, the
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literature does not state clear enough if
periodicity or non-periodicity of the integral
I@(x)dx is a sufficient condition for

periodicity of one or both particular solutions
of the equation.

The complicity of the problem of sufficient
conditions is obviously seen from the first
integral of the equation (1), because

y'=C = [@(x) y(x)dx. )

Therefore, after the partial integration is
complete, we obtain:

X

y'=C + y(x)_x[CD(x)dx - J.U.y'(x) . (D(x)dx)de (3)

From the relation (3) it follows that the
periodicity of the coefficient ®(x) 1is
definitely insufficient for the periodicity of the
integral of the equation.
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Some sufficient conditions for the periodicity
of the solutions of Hill’s equation, but only for
some classes of coefficient ®(x) have been
found in the sequences of Ajns, Juetker,
Campbell and others.

However, if the coefficient ®(x) of the
equations (1) is an interruptible function, then
the function ®(x)-y is also interruptible.
Therefore, the standard theorem on existence
of solutions cannot be applied for the Hill’s
equation. Let x, be the pole of the first order

of the coefficient ®(x). Then:

a,

D(x) = +a, +a,(x—x,)+a,(x—x,)° +... 4)

X=X,

If we suppose that the equation (1) has analytic
solution

y=Cy+C,(x—x,)+Cy(x—x,)" +... (5)

we obtain that

P'=21-C, +3:2-Cy(x—x,)+4-3-(x—x,)" +...

Therefore, from (1), it follows:

2:1-G +3-2-G(x—x,)) +4-3-(x—x,)" +...

)

=;’;€0 +ay +a,(x—x,) +ay(x—x, ) +a,(x—x,)’

Further, there follows the identity:

2:1-C(x—x,)+3-2-C,(x—2x,)* +
4-3(x—x,)" +..=

a,G,

+a G +a,C)+(a,G +a,C +a,G) - (x—x) +

X=X,

@G +a,G +a,G, +a0C3)'(x_xo)2 t..

so for the required analytic solution, the
following is valid:

a,C, =0,
a,C, +a,C, =2C,
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GG+ G +G—x) +C—x)

a,C,+a,C +a,C,=3-2-C,
a,C,+a,C,+a,C, +a,C, =4-3-C,

and so on, from which, since a, # 0, it
follows that C, =0, i.e.

=GO CET +, ©)
which means that the pole x, of the

coefficient ®(x) is zero of the first order of
the solution of the Hill’s equation.

Theorem 1. The poles of the first order of the
coefficient ®(x)are simultaneously zeros of

the first order of particular solution of the
Hill’s equation and vice versa, i.e. the zeros of
the first order of the particular integral of
Hill’s equation are poles of the first order of
the coefficient ®(x).

By applying this theorem, a great number of
Hill’s equations can be solved.

However, if zero solutions and poles of the
coefficient of Hill’s equation are not connected
in the way specified by the theorem 1, then it
is possible to determine the solution of Hill’s
equation. Nevertheless, that solution is not
analytic. In that case, a non-characteristic
integral and its main value should be observed.

vep [©x)- y(x)dx

All this shows the difficulties which occur
during the integration of Hill’s equation and
why the sufficient conditions for the existence
of its periodic solutions have not been
determined up to today.

In the work [1], we have shown that, if the
equation (1) has periodic solutions, the integral

J-CD(x)dx must be non-periodic and that is

why Hill’s equation is usually written in the
following form:

Y +[A+0@)] y=0 (7)

From this, there follows that the integral of the
coefficient of the equation is not periodic
function, because it contains the linear part
A-x.

We have given a modest contribution to the
theory of Hill’s equation, by adding some
details, but only for the case when the
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coefficient of the equation is continuous
positive function

Hill’s equation (7) has trigonometric
(oscillating) solutions in the form of iteration
sequences:

lzco&le—j fcwg+j fcw)j ﬁq»/b—...
,=sip v [ord foraf fora-.. ©

if ®d(x)+A is positive continuous and
sufficiently big function, which can cause
oscillations.

Theorem 2. If y; and y, are particular
solutions determined with iterations, then the
equation (7) has general solution

y(x):]@+]/1+]@,,1 ©)
where I are iterations, so that:

- 1, are iterations which depend only
on O(x)

- I, are iterations which depend only on

A
- 1, , are iterations which depend both

on O(x) and A

The proof to this theorem is trivial, because
the functional sequences which we have
obtained by iterations for cos,,x and

sin, , x can be written in the following form:

cos,e=f-Jfofoffo-ffaffoffo-. )
o [foof o [ [ A= AT A 2+

and analogically

sin, r=lr—[ 0+ fof o~ [ fof o] o+ .+
[T o [fof e [ e [ 2 [ = 2] e

Theorem 3. If ®(x) is real periodic function
with the period w =2r, then the equation (7)
has one periodic solution also with the period
2r.

Proof. Let ®(x)be periodic function with the
period 27, i.e. let us have:

O(x+27) =D(x)

From the equation (1), it follows that:
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y'(x) — _[ﬂ + cp(x)] = —[q)(x +2m)+ /1],
y(x)

y'(x)
(x)
periodic function with the period 27z, the
following is valid:

which means that the quotient is

V'(x+27) _ y'(x) _ () + 4]
y(x+27)  y(x) ’
i.e.
y"(x+27) +[O(x) + A]- y(x + 27) = 0,

which means that there is one periodic integral
of the Hill’s equation with the period 27 .

Theorem 4. Hill’s equation (7) cannot have
two fundamental particular solutions with the
period 271 .

Proof. Let y; be particular solution of Hill’s
equation with the period 27 . In that case there
is:

Y Oe+27) =, (0,4 (x+27) = y{(0),){(x+27) = (),

because the derivative of any order of the
periodic function is also periodic function with
the same period. If we introduce new unknown
function Z into equation (1), by making
substitution:

y=n-Z, Z=2(x)
by differentiating we obtain:

V=y-Z+y 7'
W= -Z+2y-Z'+y -Z"

By making substitution y and y" in the
equation (7), we obtain:

wWzZ+2y 2+l A+ @)y} Z =0,

From the last equation, considering that the
integral y, identically fulfills the equation (7),
it follows that:

v Z"+2y-Z'=0
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After dividing with y, -Z', we obtain the
following equation:

Z 2%,
Z Y1

or the equation

' d
dZ, +2%0
Z Vi

=0 (10)

The equation (10)
separated variable,
obtain:

is equation with the
so by quadratures we

InZ+Iny! =InC,
ie.
o1

7' =
yi

Finally, we obtain:

¢ dx
VA :3(j1j'—3'
1
If we go back to the old variable, then there is:
dx
y=C -y I
0 y 1
For C, =1 we obtain particular integral:
¢ dx
v=n-= (1)
oM

The equation (11) is a first known Liouville’s
formula which gives connection between
particular integrals of Hill’s equation. Let us
now prove that the integral (11) cannot be
periodic function with the period 27 .

Since

r+2n

V,(x+27) =y, (x+27) I

1 0.1 x 1

V+2ﬁ x+2ﬁ

—y1<x>j +y1(x>j —yz(x)+y1<x>j %3,

then y,(x)is not periodic integral with the
period 2z . The solution (11) in the point
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by x+27
ol [ T4)-

x+2x can also be written in the following
form:

d(x+ 27z) T dx

x+27)=y,(x) | ———F ==

P2 (x+27) y1<>j Gt j .

x+2ﬂ

—y1<x>j (x )j

:yz(x)+9'y2(x)

where 0 <@ <1.
Therefore, if the function ®(x)has a period

27 , the equation (7) cannot have two linearly
independent solutions with the period 27,
which is in accordance with Floke’s theorem.
However, as a rule, the equation has solution
y(x), which in case of the right choice of the

real or complex number x that is called

characteristic exponent, fulfills the functional
equation.

27

y(x+27m)=e™ - y(x)
The solution y(x) is periodic or semi-periodic

> equals +1 or -1,

The appropriate values of A4 and A
parameters are called periodic or semi-periodic
characteristic values.

Differential Matthew’s equation is a special
case of the Hill’s equation.

depending on the fact if e

y'+(a-cos2x+b)-y=0 (12)

This equation introduces very important
Matthew’s functions into technique. Although
the coefficient of the equation (12)
O(x)=a-cos2x+b is periodic, while the

integral jcp(x)dx = j (a-cos2x +b)dx =

a . . o .
:bx+Esm 2x 1is non-periodic, the equation

has periodic solutions. However, Matthew’s
equation as a canonic equation of the second
order for b>a >0 fulfills the conditions of
the classic theorem on oscillations, because:

1° d(x)=b+a-cos2x >0 for

x € (0,40) and b>a >0

2° [®(x)dx = [ (b-cos2x + a)dx = +o0
0 0
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Thus the equation (12) has oscillating
solutions in the form of iteration sequences:

y=1- Ide. (b+a-cos2x)dx +I dx] (b +a-cos2x)dx
0 0 0 0

X

Idxj(b +a-cos2x)dx — ...,
0 0

X

Y, =x— Idx‘[ x(b+a-cos2x)dx +I dx] (b +a-cos2x)dx
0 0 0 0

j;dxj[x(b +a-cos2x)dx —...

0 0

Zero oscillations of y, and y, are cross

sections of the curve F(x)=x-+/b+a-cos2x

with horizontal lines y = nz and
1 . .
y=(n- 5)7[ , therefore in the solutions of the

equations:

x-vb+acos2x =n-7,n=0,2...,
x-Alb+acos2x = (2n —1)-%,;1 ~1,23...,

Therefore, Hill’s equation (7) and equations
which are its special cases can have periodic
solutions, if periodic coefficient ®(x) changes

the sign. If y, (x) is periodic solution of the

equation (7), then, based on the Liouville’s
formula, the other particular integral has the
following form:

Y2 :yljid_);

o M1

and it can be periodic, but not necessarily. If

. I .
y, does not change the sign, then —- is a
N

complete periodic function which does not

have zeros, while the integral I d—f 1S not
P4
periodic, but it represents monotonously rising
function as the integral of the positive
function. Since solutions of the linear
homogenous differential equation of the
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second order can have only plain zeros, then

LZ has the poles of the second order and the
N

. rdx . e

integral .[ — 1s not characteristic. Since the
0N

poles of the second order of the integral

o dx 1 .

J. - = are reversed into the
o (X—x)" X, —x

poles of the first order, which are zeros x, of

the solutiony,, then there occurs the
shortening in the integral y, and only non-

zero part remains. This part can be periodic,
but not necessarily.

: . 2
Example. Hill’s equation y"=—-—-y,
COS” X
which  has positive, but interruptible
. 2
coefficient O(x) =—5—, has one
COS” X

interruptible periodic solution y, =tgx, while
the other particular integral

Y2 =N '_[d_f:tgx'_[ df =1gx-(x-1gx +1),
oM 018X

is interruptible, but not the periodic function.

However, the general solution of this equation

y=Ctgx+Cytgx-(1+x-1gx)

has the sub-class of periodic solutions and sub-

class of non-periodic, but oscillating solutions.
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